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f. d . Hilbert spaces von Neumann algebras

¢2 ( qubit )
,

¢3( qutritl , ...

42 ( bit )
, Mz ( qubit ) ,

. . .

Operators contractive normal c. p . maps
Dt ,

A) , ... a i→ I bixabi
,

...

Q parallel composition t probabilistic disjunction
620×62 : two qubits10+0142

: bit or qubit

Expressive calculus for '
circuits

' Hard to reason about circuits

Works best finite - dimensionally Measurement
,

classical data

and infinite dimensions built in
.
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measure In 62 → Mz
( R ,µi→ Now + µ1XilStd . basis ( bit ← qbit )

Initialize as 0 142 → 6 a - Cola 10 >
( qbit - i )

discard qutrit
ML → MZQM }

(9 bit ← qbieoqutrit )
a ' → aox 1

CPTP Cpu - map

BCH ) → BCK ) 1344 → BCH )

sit §bi*pbiat§biabi*



Overview
operational
f- effectors

is a

t - effects



Overview
operational
f- effectors

is a

t - effects

is

an& - effectors



Overview
operational
f- effectors

is a

t - effects

is

an& - effectors

is a

d- effectors



Overview
operational
f- effectors

is a

t - effects

is

an
& - effectors

is a

d- effectors

Is an

effects



Overview
operational
f- effects

is a

f- effects adds t

is

an
& - effectors adds &

is a

a. effectors adds ( it
, ( k ,

Is an

effects



An Effect .us has

. objects A , B. X. Y , ... representing data types / systems



An Effeotus has

. objects A , B. X. Y , ... representing data types / systems
. arrows f , g , ... between them

, representing mapyopevatioas



An Effeotus has

. objects A , B. X. Y , ... representing data types / systems
. arrows f , g , ... between them

, representing mapy operations

. final object 1 representing the system with one state

for any A
,

there is a unique !
A

: A-- → 1



An Effeotus has

. objects A , B. X. Y , ... representing data types / systems
. arrows f , g , ... between them

, representing mapy operations

. final object 1 representing the system with one state

for any A
,

there is a unique !
A

:

A-
- → 1

. Coproduct ATB representing ( probabilistic ) disjunction

A

-14
> A,tB<k2-B

ly
[ fig ]↳ctg



An Effect US has

. objects A , B
, X. Y , ... representing data types / systems

. arrows f , g , ... between them
, representing mapy operations

. final object 1 representing the system with one state

for any A
,

there is a unique !
A

:

A-
- → 1

. Coproduct ATB representing ( probabilistic ) disjunction

A

-14
> A,tB<k2-B

!y
[ fig ]↳ctg

swap = [ kakis : A + A -7 At A

•↳9 = [ id ,
ids : At A  → A
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Scalars and States

R : I → 1+1 a scalar ( so partial map
1 - 1 )

Ron = Roh product Is composition as partial Maps

Similarly it p = Rap for scalar R :| - 1

Predicate p :X - /

w : I → × a state on X

,
Is 1+1 fjw, X ]

- × convex combination of slates

XW @ xty

1¥×Ts µ , validity of a predicate In a state
-

Pow



Partial sum of predicates

If for predicates p , q on X
,

there is a b with

*✓by
1+1 ← 1+1+1 → 1+1

•.\•lI=[K ,
, kz.kz ] [ 1<2,14 , Kz ] = :#

then
p and q are summable ( In symbols : ptq )

and their sum poq is given by

as
pool #teh, .ms :#

III
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Examples : vN°P
,

Set
,

CRng°P
,

KLCD )
, auytopos ,

EAOP
, ...
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M
, the set of scalars is an effect monoid

,

that is : an effect algebra with biadditive product
for which 1 is a unit

.

Predx
,

the set ofpredicateson am object X

is an M - effect module
,

that is :

an effect algebra with an action of M .

Stat X
, the set of slates on X

op

is an ( abstract ) M - convex set
.

Cow
Mop

" ftp.a,
⇐ " 099



Definition a category C is an Effects In partial form if

1. C is a fin PAC - that is

a
. C has co products

b. C is PCM - enriched
,

i.e. :

x . every Hour C X. y ) has partial binary operation @

and distinguished map 0 that turn it Into a PCM

p . fig ⇒ hof t hog ( hof ) @ (hog ) = kocf @ g)
[ fok 1 gok ( fok ) @ ( gok) = ( fog ) ok

c. D. obt Dzob for any b :X → yty ,

where D ,
I [ id

,
o ] : yty → 9 and 172=50 , ice ] .

d. ftg ⇒ K , of t kzog
z .

C " has effects
"

- that Is : there Is an object I such that

a .
the PCM Hour ( X. I ) =P red X is an effect algebra HX .
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1. C is a fin PAC - that is

a
. C has coprod .

.

'  -

b
,

C is PCM -

(
M

, 0,0 ) with 0 : 142+14
, operation O

× . every He oem is a PCM ill
Into a PCM

and At '

. Xty ⇒
§×to×y .

. yox ) = hocfog )
p . fig ⇒

(
• otx and oox =× = ( fog ) ok
• xty and xoyt 2

c . D ,
ob 1 1>201 =)

-

ytz , xtyoz
where D ,

±
( Koy ) 0 z = xocyoz ) Dztco , ice ] .

d. ftg ⇒ K , of t Kzog
object I such that

z .

C
'

A

•

PCM is an Effect Algebra ift
an effect algebra FX .

a. for every ×
, there is a

b.
unique xt such that

c. Xt @ × = 1 I Ot

A map f • xtl ⇒ x=o



They 're the
"

same
"

If C is an effects
,

then Parc
,

its category
of partial maps ,

is an effects In partial form ,

If D is an effect as In partial form .

then

Tot D
,

its subcategory of total maps is an effects
.

Furthermore Par Tot DE D

and Tot Par C E C
.
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f- effects preparation : quotients

An effects ( In partial form ) has quotients if :

'

For every predicate p :X

-
1

,
there is an obj . #

and (partial ) Map §pt :X -Xlpt with 10 §pt< P ,

such that for any other f :X - y with 1 of Ep ,

there is a unique g with

× #no

X/pi.

In ✓ N
, § :# Arm → A

quotientmap

\ gig
( given by §c a) = rparp )

f
y
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f- effects preparation : comprehension

An effects ( In partial form ) has comprehension if

For every predicate p :X -

-1 ,
there is an obj . { Xlp }

and (partial ) Map Ep :{ Xlp } → X with pokp =1oEp
such that for any other f : y → × with pof=1of ,

there is a unique g with

{ XIP }

HIPX ( In ✓ N
,

E :A→LpJALp] )
g f µ given by I (a) = LPJALPJ

y
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, pePredX

. an arrow ( X ,p ) → ( Y , g)
is a map f : X - y In Parc withpscgtoflt

There is an obvious U : fpred ,
→ Parc

, ( xp ) i→X

with adjoins Xi→ ( X ,o ) and XITCX , 1)

Exists iff
S Predb - .

f
Chas €ftp.utj.DE#Eas't

quotients comprehension
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f- effects preparation : Images & sharp predicates

An effects ( In partial form ) has Images if :

for every map f : X - y

there is a least predicate Imf on Y
with ( in f) of = 1 of .

A map f is faithful if imf=1 .

( Equiv. : pot =o ⇒ p=o . )

A predicate p is sharp if p= imf for some f.
( In VN : sharp iff projection )



Dfh . a f- effects is an effectors

with quotients ,

comprehension
and Images
with : s sharp ⇒ st sharp .



Proposition .
In a f- effects the sharp

predicates SPREDX on X are

a sub . effect algebra of Pred X

and an Ortho modular lattice
.
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Factorization InA . effects

f
X - y

/ §iofst Ttimf
%of

)±
.  - - → { Ylimf }
f

'

f '

is always total ( 1 of '=1 ) and faithful .

f is pure it f '
is an Isomorphism .

f pure & 1- of = 1 ⇒ f comprehension map

f pure
& imf=1 ⇒ f quotient map
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Pure maps in VN
'The pure maps BCH ) 's BCK ) are

precisely those of the form Ti→V*TV

Theorem
.

an ncp - map y : A → B

with Paschke / Stinespring dilation

A 9- B

⇒ k
is pure if and only if p is surjeetive .
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Ceiling tp7 and floor LPJ

Define LPJ = in Ep ( Ep comprh . for p )

Tp7 = Lptjt
( In VN : tp7 least projection above p )

Proposition .

In a a- effectors

• LPJEP . peq ⇒ LPJELQJ

. ( Cpt ] = ( p ] • Tp7 of E tpof ?

•

Ttp > of 7 = Tpof ?

( In VN : Tfc a) 7 = tfcta , )7 useful rule )
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A
,

the possibilistic restriction
' Tor f : X → y In a G- effects

, define

to

SPREAX - Spredy In VN¥ f<>=g⇒ iff
for every normal

f<>Cs
) = Tsof7 state w and eflecta ,by we have

g- a G) = imlfots )
w(f(a))=o←→w(g(a) )

De Morgan
FDCS ) =f9stjt

duals : fids ) = falst )t
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Proposition .

In a G- effects :

• f
' '

G) E Et iff fact ) Est

Equivalently : fo -1 f D

. faof ' > of
.

= fa , ftsofaof D= FD

• ( fog )a = faoga ( fog )
° =g$of 4

• (B) a CEPCE ) ) = Srt

. Imf = fact) Iof '=f0( 1)



f- definitions

f : X I y :g are G- adjoint iff f
, ,

=

g
4



A- definitions

f : X # y :g are G- adjoint iff fa=g
4

f : X → X is G- self adjoint iff fa=f9



f- definitions

f : X # y :g are G- adjoint iff fa =

g
4

f : X → X is G- self adjoint iff fa=f9

f is G- positive iff
f is pare( f =

gog for some G- self adjoint g .



f- definitions

f : X I y : g are G- adjoint iff fa =

g
4

f : X → X is G- self adjoint iff fa = f9

f is G- positive iff
f is pure( f =

goy for some G- self adjoint g.

Theorem
.

In VN
,

the a- positive maps
are precisely at > Jbairb

.
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. for every predicate p on X
, there Is

a unique a- positive map asrtp : X→×

with 10 antp =p .

• § or is pure for any comprehension it

and quotient map § .



Dfn . an & - effects is a . effects where

. for every predicate p on X
, there is

a unique e- positive map asrtp : X→×

with 10 antp =p .

• § or is pure for any comprehension it

and quotient map § .

Write p&q = qoantp and p2±p&p .
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Proposition .

In an & - effectors TFAE

. p is sharp
. p&p =p

. asrtpoantp = asrtp

Proposition .

In an & - effects

Imf es ←→ asrtsof = f

1 of Et I foasrtc =f



Polar decomposition

In an & - effects , any pure map f :X → y

factors as follows :

asrtzof § d
It

X - > X → XK
, .fy→{ ylimf } → y

p -

G- positive
Pure map h with 10h sharp

a partial isometry
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Dfh . at - effects C is an & - effectors
,

where

the subcat
. of pure maps is a f- category with :

• asrtpt = asrtp
• f Is a - adjoint to ft

. for every f- positive f ,
there is

a unique t positive g with f=gog .

. G- positive maps are f- positive
It follows Ioft '= Imf and imft = Iof '

,

( so with slight abuse of notation :)

its =§s+ and §t=Is C sharps?
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An 4 - effectors is a f-effect US iff

• for every predicate p ,

there is a unique predicate of
with q&q =p
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,
}&q = asrtpoasrtgoasrtp

• to § ,
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.



Theorem
.

An 4- effects is a f-effect US iff

• for every predicate p ,

there is a unique predicate of
with q&q =p

• asrt
,
}&q = asrtpoasrtgoasrtp

Ecf .

'Fundamental Id
. of Quad. Jordan Algs .

• to § ,
Is sharp for all sharp s

,
t

.



Dfn .

An effectors Is operational ift

. the scalars are isomorphic to [0/1]
,

• the predicates are jointly manic
,

. p £ q I t stale w . poweqow ,

. every object X is
'

finite - dimensional
'

:

that is : Stat X
'

is
'

a closed convex

subset of a finite - dimensional veetou space .



Theorem
.

( Watering )

• The category ETA of Euclidean Jordan
Algebras with positive maps is a t - effects .

• Any operational t.effed.us is equivalent
to a subcategory of ETA .



Theorem
.

( Watering )

• The category ETA of Euclidean Jordan
Algebras with positive maps is a t - effects .

• Any operational t.effed.us is equivalent
to a subcategory of ETA .

( vN°PIs f- effects ,
but not operational )
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of Martin Gvandis
.



Theorem . Every teffeotus is a

homological category In the sense

of Martin Gvandis
.

Corollary .

Grandis
'

Snake Lemma

holds forvon Neumann algebras .  . .



Grand is
' Snake Lemma . If we have a diagram

f g
A → B - C → 0

Latbto
0 → A' → B' → C

'

he k

in a t - effect US such that

• Imf = Fugit • bD( balimf )) = I Iobttvimf

• in h= t1°k7t . balbtslimk )l= Cink ) a limb

• g quotient with 10g sharp . KDC kalimb)) = Cimh ) vimb

.
h comprehension . facf 'T b% ))) = Ftobltrimf

then .  . .



{

Alaoast

}

€
{

Blaobst}£→
{

Ckiodt
}

zd

µtaoaF↳
obit / KC Ioc )t

A

±
' B

-8
> c-DfaLbfc€IB.# ,L§imaf5imbf§imc

>

A%ma→
B'limb →

4inch
he

with in 'f= tiog
't

, img=tod7t ,
. . .



Take away
. Q 'T reconstructions don't need dilations / purifications

or parallel composition Q .

. compvh.

° Iso ° qnot .

is the right kindof pure .

. C) $
,

A- adjoint and A-positive .

Further reading
.

"

Dagger and dilations
"

, BW av Xiv 1803.01911 .

•
" Introduction to Effects theory

"

Cho
, Jacobs ,

Westetbaan
,

BW arxiv 1512.05813

.

"

Reconstruction of Quantum Theory from Univ . filters
"

,

Metering arxiv 1001
. 05780


