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Setting

We work in a self-dual compact closed category

For every object A there is a cup ηA : I → A⊗ A

and a cap ηA : A⊗ A→ I which satisfiy

= = =

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

Setting

We work in a self-dual compact closed category

For every object A there is a cup ηA : I → A⊗ A

and a cap ηA : A⊗ A→ I

which satisfiy

= = =

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

Setting

We work in a self-dual compact closed category

For every object A there is a cup ηA : I → A⊗ A

and a cap ηA : A⊗ A→ I which satisfiy

= = =

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

Processes are morphisms Φ

We have special morphisms from and to the trivial system I

states := ψ effects := π

Want a special effect discard

dA :=

compatible with monoidal structure
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Work in FHilb

H ⊗ H ∼= B(H)

=f̂ ff for a map f and its adjoint

corresponds to pure map via Φf (ρ) = f ρf †

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

Work in FHilb

H ⊗ H ∼= B(H)

=f̂ ff for a map f and its adjoint

corresponds to pure map via Φf (ρ) = f ρf †

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

Work in FHilb

H ⊗ H ∼= B(H)

=f̂ ff for a map f and its adjoint

corresponds to pure map via Φf (ρ) = f ρf †

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

Work in FHilb

H ⊗ H ∼= B(H)

=f̂ ff for a map f and its adjoint

corresponds to pure map via Φf (ρ) = f ρf †

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

spiders

m

n

...

...

=
∑
j

|j . . . j〉︸ ︷︷ ︸
n

〈j . . . j |︸ ︷︷ ︸
m

Spiders fuse

... ...

... =

... ...

...

...
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Discard: :=

Encode: :=

Measure: :=

This gives a subcategory of FHilb

“doubling = quantum”
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Spiders with both classical and quantum wires are bastards

... ...

......

:=

...

...

...

...

Decoherence: first measure, then encode

= = =
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causality

Definition

A process Ψ : A→ B is called causal if dB ◦Ψ = dA. That is:

Ψ =
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Signaling

Imagine two observers Alice and Bob acting on a system

Φ

AIn BIn

BOutAOut

Say A � B if Say B � A if

Φ =

ΨA

ΨB

Φ =
ΨA

ΨB
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If A � B then Bob cannot signal to Alice

Φ =

ΨA

ΨB

ΨA

= Ψ′=:

No signaling if Φ admits both factorisations A � B and B � A
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Example

A shared state is non signaling

Φ =
ΨA ΨB

ρ

ρ

ΨB

ΨA ΨB

ΨA

ρ
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Device independant probabilities

Alice and Bob get input x , y

Possibly they get a system once

Produce outcome a, b

We obtain probabilities p(a, b|x , y)

A probability distribution qA�B is non signaling from A to B if∑
b

q(a, b|x , y) = q(a|x)∑
a

q(a, b|x , y) = q(b|x , y)

Similar: rB�A

Question: is p of the form p = λqA�B + (1− λ)rB�A?
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Local QM

What is the most general way to obtain these probabilities?

No assumption of a fixed causal structure: local QM.

Alice and Bob have a lab where they act on a system which
enters once

Processes ηAa|x : B(HAI
)→ B(HAO

)

and ξBb|y : B(HBI
)→ (HBO

)
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Choi-Jamio lkowski isomorphism

η → η̂ ∈ B(HAI
⊗ HAO

), ξ → ξ̂ ∈ B(HBI
⊗ HBO

)

η̂ = (1⊗ η)
∑

i |i〉|i〉〈i |〈i |
Diagrammatically this amounts to

Φ 7→ Φ

Process-State duality
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Introducing W

p(a, b|x , y) = Tr
(
(η̂Aa|x ⊗ ξ̂

B
b|y ) ·W

)

W ∈ B(HAI
⊗ HAO

⊗ HBI
⊗ HBO

), “generalized state”

Probabilities must be positive ⇒ W ≥ 0

Probabilities must sum up to one:

Tr
(
(η̂cptp ⊗ ξ̂cptp) ·W

)
= 1

for all cptp η̂cptp, ξ̂cptp

Think of η̂cptp =
∑

a η̂
A
a|x
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W ∈ B(HAI
⊗ HAO

⊗ HBI
⊗ HBO

)
⇔W : B(HAI

⊗ HAO
)→ B(HBI

⊗ HBO
)

Diagrammatically:

AO

AI

BI

BO

W

Quantum combs

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

W ∈ B(HAI
⊗ HAO

⊗ HBI
⊗ HBO

)
⇔W : B(HAI

⊗ HAO
)→ B(HBI

⊗ HBO
)

Diagrammatically:

AO

AI

BI

BO

W

Quantum combs

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

1 Diagrams and processes

2 Causal processes

3 Probabilities

4 Second order causality

5 W processmatrix

6 Diagrammatic W

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

Secon order causality

Definition

A map W is second order causal if it sends causal processes to
causal processes. That is:

Φ = =⇒ W =Φ
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Consider W : (AI ⊗ AO)⊗ (BI ⊗ BO)→ CI ⊗ CO

W is bipartitie second order causal (SOC2) if

W ΦBΦA

is causal for all causal ΦA and ΦB
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Example: connect Alice to Bob or vice versa

Fixed causal order
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Note SOC2 only has to hold for seperable processes

Example: swap

=
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What if A and B have ancilla systems

W ΦBΦA

Theorem

SOC2 ⇒ CompletelySOC2
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proof

Enough causal states if ∀ρ causal .

ρ

Φ
=

ρ

Φ′

 =⇒ Φ = Φ′

This is the case for operator algebras with cp maps
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For causal states ρA, ρB

ΦA

ρA

ΦB

ρB

are causal

So

ρW

W

ρA

ΦBΦA

ρB

=
ρW

=
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1 Diagrams and processes

2 Causal processes

3 Probabilities

4 Second order causality

5 W processmatrix

6 Diagrammatic W
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We investigate W when the system is a qubit

Write W in Pauli basis

W =
∑
i ,j ,k,l

λi ,j ,k,l σk σi σl σj

W =

∑
i ,j ,k,l

λi ,j ,k,l
lk

i j

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

We investigate W when the system is a qubit

Write W in Pauli basis

W =
∑
i ,j ,k,l

λi ,j ,k,l σk σi σl σj

W =

∑
i ,j ,k,l

λi ,j ,k,l
lk

i j

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

We investigate W when the system is a qubit

Write W in Pauli basis

W =
∑
i ,j ,k,l

λi ,j ,k,l σk σi σl σj

W =

∑
i ,j ,k,l

λi ,j ,k,l
lk

i j

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

W ≥ 0 and Tr((η̂ ⊗ ξ̂)W ) = 1 are equivalent to:

W ≥ 0

Tr(W ) = dAO
dBO

BIBO
W = AOBIBO

W AIAO
W = BOAIAO

W

W = BO
W + AO

W − AOBO
W

where XW = 1X

dX
⊗ trXW

Consider all possible terms in W

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

W ≥ 0 and Tr((η̂ ⊗ ξ̂)W ) = 1 are equivalent to:

W ≥ 0

Tr(W ) = dAO
dBO

BIBO
W = AOBIBO

W AIAO
W = BOAIAO

W

W = BO
W + AO

W − AOBO
W

where XW = 1X

dX
⊗ trXW

Consider all possible terms in W

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

W ≥ 0 and Tr((η̂ ⊗ ξ̂)W ) = 1 are equivalent to:

W ≥ 0

Tr(W ) = dAO
dBO

BIBO
W = AOBIBO

W AIAO
W = BOAIAO

W

W = BO
W + AO

W − AOBO
W

where XW = 1X

dX
⊗ trXW

Consider all possible terms in W

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

W ≥ 0 and Tr((η̂ ⊗ ξ̂)W ) = 1 are equivalent to:

W ≥ 0

Tr(W ) = dAO
dBO

BIBO
W = AOBIBO

W AIAO
W = BOAIAO

W

W = BO
W + AO

W − AOBO
W

where XW = 1X

dX
⊗ trXW

Consider all possible terms in W

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

W ≥ 0 and Tr((η̂ ⊗ ξ̂)W ) = 1 are equivalent to:

W ≥ 0

Tr(W ) = dAO
dBO

BIBO
W = AOBIBO

W AIAO
W = BOAIAO

W

W = BO
W + AO

W − AOBO
W

where XW = 1X

dX
⊗ trXW

Consider all possible terms in W

Aleks Kissinger & Sander Uijlen Indefinite causal structures using diagrammatic methods



Diagrams and processes Causal processes Probabilities Second order causality W processmatrix Diagrammatic W

i j

i j i

k

lk

j

l

lk

ji

lk

j

k

j

l

j i i j i j

kllklk
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BIBO
W = AOBIBO

W

lk

i
j

=

j

lk

i

j = l = 0⇒ i = 0

Similarly i = k = 0⇒ j = 0

W = BO
W + AO

W − AOBO
W

At least one of i ,j equals 0 (trace)
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lk

j

l lk

j

k

j i

lklk
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Tr(W ) = dAO
dBO

= 4⇒ λ0,0,0,0 = 1
4

W ≥ 0 restricts to positive cone

Example: W = 1
4

[
1111 + 1√

2
(1ZZ1 + Z1XZ )

]
Can show this W breaks causal inequality bound for Guess
Your Neighbours Input game
We obtain probabilities incompatible with a fixed causal order
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Consider again W = 1
4

[
1111 + 1√

2
(1ZZ1 + Z1XZ )

]

1
4W =

d

Where dd = ,

d the state corresponding to cos(π8 ) |0〉+ sin(π8 ) |1〉
and gray spiders correspond to X -basis: |+〉 , |−〉
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Consider very simpel W

Not valid due to constrains on Pauli matrices (one term fails)

d kills precisely this Pauli term
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Open questions

What are diagrammatic building block for general W?

Is there a universal set?

What is W physically?
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