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De�nition (Quillen)

A Quillen model category is a category C with three classes of maps
�co�brations�, ��brations� and �weak equivalences�. Such that:

Weak equivalences sati�es 2-out-of-3.

(Co�brations/Acyclic �brations) form a weak factorization system.

(Acyclic co�brations/�brations) form a weak factorization system.

One also generally asks C to be complete and cocomplete, or at least to
have �nite (co)limits.
The class W of weak equivalences is uniquely determined by the other two
classes.

It is said to be combinatorial (J.Smith) if C is locally presentable and the
two weak factorizations are co�brantly generated.

Remark: I will apply this de�ntion also to (weak) 2-categories.
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De�nition

A combinatorial (or bicombinatorial) category

is a locally presentable
category with two co�brantly generated weak factorization systems. They
are respectively called (co�bration/trivial �brations) and (trivial
co�brations/�brations), and we assume that trivial (co)�brations ⊂
(co)�brations.

They form a category Comb, whose morphisms are the �Left Quillen
functor�, i.e. left adjoint functor preserving co�brations and trivial
co�brations.

Remark: Note the di�erent use of �trivial / acyclic�. �trivial� : characterized
by a stronger weak lifting property, �acyclic� : is an equivalence.
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Our general (vague) goal:
Put a model structure on the 2-category Comb of combinatorial
categories,

with:

Fibrant objects = model categories.

Equivalences = Quillen equivalences (at least between �brant objects).

Note: During the talk I'll restrict myself to �tractable� combinatorial
categories, where the generating (trivial) co�brations have co�brant
domain. This is only to avoid some technical di�culties.
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To achieve this, we need to consider weaker notions of �model structure�:

De�nition (Quillen)

A combinatorial category is a Quillen model category if there is a class of
equivalences (satifying 2-out-of-3) such that �trivial (co)�bration = acyclic
(co)�bration�.

De�nition (Spitzweck)

A combinatorial category is a left semi-model category if it admit a class of
equivalence W such that �acylic �bration = trivial �bration� and �acyclic
co�bration with co�brant domain = trivial co�bration with co�brant
domain�.

De�nition (Barwick)

A combinatorial category is a right semi-model category if it admit a class
of equivalence W such that �acylic �bration with �brant target = trivial
�bration with �brant target� and �acyclic co�bration = trivial co�bration�.
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De�nition (H.)

A combinatorial category is a weak model category if it admits a class of
equivalences such that �acylic �bration with �brant target = trivial �bration
with �brant target� and �acyclic co�bration with co�brant domain = trivial
co�bration with co�brant domain�.

General idea:

Weak model categories are considerably easier to construct than
Quillen model categories, and still allows to �do homotopy theory� as
in a Quillen model categories.

There are easy criterion to test if a weak model category is a left or
right semi-model categories.

I do not know convenient neccessary and su�cient criterion for Quillen
model structures (unless we add additional assumptions like every
object is (co)�brant or properness).
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Before trying to put a model structure on the category of combinatorial
categories:

Theorem (Makkai-Rosicky)

Comb has all small (pseudo/�exible) limits and colimits. Limits are
computed in the category of categories, colimits in the category of locally
presentable categories.
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Theorem (H.)

There are three right semi-model structure on Comb,

called W ,B and S .
They all have the same equivalences, and the identity map is a left Quillen
equivalence:

Comb
W → Comb

B → Comb
S

W -�brant objects are the weak model categories.

B-�brant objects are the left semi-model categories.

S-�brant objects are left semi-model categories in which every object
is �brant.

In all three cases equivalences between �brant objects are the Quillen
equivalences.
Their associated ∞-category is equivalent to the category of locally
presentable ∞-category and left adjoint functor between them.

(I'll comment later about the size problem).
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Comb also has �free objects� for example:

The free combinatorial category F∗ on one co�brant object is the
category of sets with co�brations the monomorphisms and trivial
co�brations the isomorphisms.

The free combinatorial category F↪→ on a co�bration with co�brant
domain is the category of presheaves of set on the category • → •
with co�bration being the monomorphisms (end trivial co�bration the
isomorphisms).
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Generating W -co�brations:

The domain map F∗ → F↪→.

The map F↪→ → F ∼
↪→.

Theorem

The W -co�brant objects are the (retract of) categories of presheaves on a
directed categories, with co�brations being the monomorphisms.
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The B-structure has one additional generating co�bration:

F

 A B

→ F

 A B

C



B-co�brant object are (retract of) presheaves categories over Reedy
category (but not any Reedy category).
The S-structure also has one additional generating co�bration:

F

 A B

C

→ F

 A B

C


S-co�brant objects are the (retract of) categories of models of in�nitary
Generalized algebraic (Cartmell) theory with no equality axioms, with their
natural notion of co�brations.
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Key idea: There is a monoidal closed structure ⊗ on Comb,

such that
morphisms:

A⊗ B → C

Are exactly the left Quillen Bi-functors A× B → C . The unit of the tensor
product is F∗. The exponential [A,B] is the category of all left adjoint
functor A→ B , with co�brant objects the left Quillen functors.

Theorem (H.)

The W -model structure is monoidal for this tensor product. The B and S
model structures are not monoidal, but are enriched over the W -model
structure.
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Idea of the proof: One can construct a W -interval object for F∗:

F∗
∐

F∗
(A,B)
↪→ F


M

A A
∐

B B

∼ ∼



(Note: there is no map back to F∗)

Tensoring and exponentiating with this interval still gives good enough
cylinder and path object functors for all three model structures, and the
model structure are constructed using these functors and an appropriate
modi�cation of Cisinki-Olschok's theory.
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Note: There is also a �simplicial� version of the story, where one works with
simplicially enriched combinatorial categories.

There (up to some minor modi�cation) every object is B-�brant.

In particular one has three Quillen model structures in this case, and the
underlying category is now really the category of simplicial left semi-model
categories.
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Additional remark/idea of the proof:

One �x a regular cardinal κ, and one constructs the model structure
on the category κ-Comb of κ-combinatorial category and strongly
κ-accessible functor.

κ-Comb is an honest combinatorial right
semi-model 2-category and this deals with all the size problems. From
there, the extention to Comb is relatively easy.

The comparison with presentable ∞-categories is obtained by
exploiting a series of results:

κ-Comb
B ' κ-BrownCofCat (Easy/formal)
' κ-cocomp. small Qcat (K.Szumilo's Phd thesis)
' κ-Pres. Qcat (Lurie's Gabriel-Ulmer duality)

The hard part of the proof: to show that the �brant objects are the
model structures. Especially in the κ-case (it actually implies new
results of existence of minimal/left determined left semi-model
category).
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Theorem (H.)

There are three right semi-model structure on Comb, called W ,B and S .
They all have the same equivalences, and the identity map is a left Quillen
equivalence:

Comb
W → Comb

B → Comb
S

W -�brant objects are the weak model categories.

B-�brant objects are the left semi-model categories.

S-�brant objects are left semi-model categories in which every object
is �brant.

In all three cases equivalences between �brant objects are the Quillen
equivalences.
Their associated ∞-category is equivalent to the category of locally
presentable ∞-category and left adjoint functor between them.
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