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Cartesian closed bicategories

Cartesian closed categories ‘up to isomorphism’.

Examples:

- Generalised species and cartesian distributors
particularly for applications in higher category theory
(Fiore, Gambino, Hyland, Winskel), (Fiore & Joyal)
- Categorical algebra (operads)
(Gambino & Joyal)
- Game semantics (concurrent games)
(Yamada & Abramsky, Winskel et al., Paquet)
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Internal monoids

In a category with finite products:

1S5SMEIEMxM

M M
IxM——"" MxMe—"— Mx1

N

(MxM)xMiMx(MxM)%MxM
m x h4l lrn
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Internal monoids

In a category with finite products:

In Set: monoids
In Cat: strict monoidal categories

M M
IxM——""s MxM+—"— Mx1

N

(/\/Ix/\/l)xl\/lil\/lx(MxM)%MxM
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Internal pseudomonoids

In Cat:
1S5SMIMx M

ex M M x e
MxM—— Mx1

Lm0

1o >

Assoc. 2-cell
m X A4l

M x M
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Internal pseudomonoids

In Cat:
15MIEMx M

M M
Unit 2-cells IxM—"2 s MxM—"° Mx1

1o >

Assoc. 2-cell
m X A4l

M x M

m

+ triangle and pentagon laws > monoidal category
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Internal pseudomonoids

In Cat:
15 MIEMx M

M M
Unit 2-cells IxM—"7 s MxM—"° Mx1

‘ ...likewise in any fp-bicategory

lle>

Assoc. 2-cell

+ triangle and pentagon laws ~~> monoidal category
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In a CCC every [X = X] becomes a monoid:

@ELM X] < [X = X] % M:XD
In a cc-bicategory every [X = X] becomes a pseudomonoid:

(MXM:X][X:M M:XD

need to check
coherence laws
(i.e. triangle + pentagon)
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Coherence

Programme:

1. Construct a type theory Aj¢~ for cartesian closed bicategories
(this work),

2. Use NBE to prove the type theory is coherent

bicategorical version of [Fiore2002]

(my thesis),
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Coherence

Programme:

1. Construct a type theory Aj¢~ for cartesian closed bicategories
(this work),

2. Use NBE to prove the type theory is coherent

bicategorical version of [Fiore2002]

(my thesis),

Application:
Algebraic structure definable in every CCC

= algebraic pseudo-structure definable in every cc-bicategory
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Desiderata

A type theory Ajg~ that:
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A type theory Ajg~ that:
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2. Is reasonable for calculations,
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Desiderata

A type theory Ajg~ that:
1. Generalises the simply-typed lambda calculus,
2. Is reasonable for calculations,

3. Is sound and complete

i.e. freeness property for the syntactic model.
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Bicategories
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- Objects X € ob(B),
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Bicategories

- Objects X € ob(B),
- Hom-categories (B(X, Y), O,id):
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f
2-cells X /U? Y
~_
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- Functors
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Bicategories

- Objects X € ob(B),
- Hom-categories (B(X, Y), O,id):

I-cells X Ly
f

2-cells X /U? Y
~_
f'/
- Functors

1% B(X, X)

B(Y,Z) x B(X,Y) 224 B(X, Z)

f g

X 1oy 45z
~_ ~_ 7
f’ g/
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Bicategories

Objects X € ob(B),
Hom-categories (B(X, Y),e, id) :

I-cells X Ly
f

2-cells X /U? Y
~_

£

Functors

1% B(X, X)

B(Y,Z) x B(X,Y) 224 B(X, Z)
- Invertible 2-cells ap. s
(hog)of == ho(gof)

Idy o f % f
s
goldx =g

subject to a triangle law and pentagon law.

8/25



Cartesian closed bicategories

Bicategories B equipped with biuniversal 1-cells
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Cartesian closed bicategories

Bicategories B equipped with biuniversal 1-cells
(fp) mi Mp(Ar, ..., An) — A;
(cc) eval: (A= B)xA— B

=
N
N
2

NB: Differ from the ‘cartesian bicategories’ of Carboni and Walters!
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Cartesian closed bicategories

Bicategories B equipped with biuniversal 1-cells
(fp) mi Mp(Ar, ..., An) — A;
(cc) eval: (A= B)xA— B

=
N
N
2

inducing families of equivalences
B(X,My(Ar,...,A)) =~ Tl B(X,A)

B(X,A=>B) =~ B(X xA,B)

NB: Differ from the ‘cartesian bicategories’ of Carboni and Walters!
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Cartesian closed bicategories

Bicategories B equipped with biuniversal 1-cells
(fp) 7 Ma(Ar,... Ap) > A (1<i<n)
(cc) eval: (A= B)xA— B

inducing families of equivalences

(myro—,...,mp0—)

/_\
B(X,N,(A1,...,A;)) L~ H7=1 B(X, A)

(tupling)

evalg go(—xA)
— %
B(X,A=>B) 1~ B(X x A,B)
&;/
(currying)
NB: Differ from the ‘cartesian bicategories’ of Carboni and Walters!
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Substitution and composition

In any CCC:
Ixk[ur/x1, -y un/xn]] = [uk] = 7k o (Jua], - -, [un])
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Substitution and composition

In any CCC:
[xlur/xa, -5 un/xn]]l = [u] = mic o ([un], - -, [un])
In any cc-bicategory:

[xk[ur/x1, -« s un/xn]] = [uk] = 7k o (Jui], -, [un])

Question: what is bicategorical substitution?

10/25



An algebraic theory with substitution:
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An algebraic theory with substitution:

Sorts S,
- Constants xy : X1,...,xp: Xp = t(x1,...,%,) 1 Y,

Variables x1 : X1,...,x, : Xp = x; - X; (1<i<n),

A substitution rule

t, (U1, ..., up) — tlui/x]
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An algebraic theory with substitution:

Sorts S,
- Constants xy : X1,...,xp: Xp = t(x1,...,%,) 1 Y,

Variables x1 : X1,...,x, : Xp = x; - X; (1<i<n),

A substitution rule

t, (U1, ..., up) — tlui/x]

such that
Xk[u,'/X,'] = Uy (1 < k< n)
t[X,'/X,'] =1
tlui/xil[vi/yj] = t[uilvi/y;1/xi]
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Abstract clone (S, C) = abstract theory of substitution:
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Abstract clone (S, C) = abstract theory of substitution:

- Sorts S,
t

- Hom-sets C(Xi,...,Xy; Y) of operations Xi,..., X, — Y,
(i)

- Projections X1, ..., X, Xi 1<i<n),
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Abstract clone (S, C) = abstract theory of substitution:
Sorts S,

t

(i)
PXq,..,X

Projections X1, ..., X, % Xi (1<i<n),

- Substitution mappings

C(X1,.... X Y) x]]
t,(ul,...,u,,)

i-1 C(I X)) = C(I7Y)
— t[ul, ce u,,]

Hom-sets C(Xi,...,Xn; Y) of operations Xi,..., X, = Y,
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Abstract clone (S, C) = abstract theory of substitution:
Sorts S,

t

(i)
PXq,..,X

- )Q (1<i<n),

Projections X1, ..., Xy

- Substitution mappings

C(X1,..., Xm Y) x [l C(I; Xi) — C(T; Y)
t,(ul,...,u,,)'—> tlur, ..., un]
such that
p W u, ..., up] = uk (1< k<n)
t[p(l),. .,p(”)] =t
t[ue] [ve] = t[ve[ue]]

Hom-sets C(Xi,...,Xn; Y) of operations Xi,..., X, = Y,
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Abstract clone (S, C) = abstract theory of substitution:
Sorts S,

t

(i)
PXq,..,X

- X,' (1<i<n),

Projections X1, ..., Xy

- Substitution mappings

C(X1,..., Xm Y) x [l C(I; Xi) — C(T; Y)
t,(ul,...,u,,)'—> tlur, ..., un]
such that
p( )[ula ,Un]:Uk (1<k<n)

t[p(l)7 e p(")] =t

t{ue][ve] = t[va[ue]]

Note: every clone defines a category ‘

Hom-sets C(Xi,...,Xn; Y) of operations Xi,..., X, = Y,
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Biclone (S, C) = abstract theory of bicategorical substitution:
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Biclone (S, C) = abstract theory of bicategorical substitution:

Sorts S,
- Hom-categories (C(Xl, e Xn YY), o,id),
Projection 1-cells pgg X, X X = X l<i<n),

Substitution functors

C(Xe,.. ., Xm V) x [ 124 (F,X,) C(;Y)
t, (U1, ..., up) — tlur, ..., up]
(01,...,00) = Tlo1, ..., 00]
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Biclone (S, C) = abstract theory of bicategorical substitution:

Sorts S,
- Hom-categories (C(Xl, e Xn YY), o,id),

Projection 1-cells pgg X, X X = X l<i<n),

Substitution functors

C(X1,.. ., Xm Y) x [[I, C(I; Xi) = C(T; Y)
t,(Ul,...,Un) = t[U]_, ,Un]
(017 ) O',,) = T[Ula , Un]
- Structural isomorphisms
(k)
p W ur, ... up] =50 (1< k<n)

ASSOCt:uq:ve

t[ue] [ve] tlve[ue]]

subject to a triangle law and pentagon law.
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Biclone (S, C) = abstract theory of bicategorical substitution:

Sorts S, ‘ Note: every biclone defines a bicategory

- Hom-categories (C(Xl, e Xn YY), o,id),

Projection 1-cells pgg X, X X = X l<i<n),
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A type theory for biclones

Judgements:
- Relating terms: Tt : B
- Relating rewrites: T —=7:t=1t':B
- Equational theory T—7=7":t=1t:B

Fr—7:tt=t":B lr—7:t=1t:8B

Vertical composition: ; B
l—7erT:t=1t":B

M-t: B

Identities:
entities —idi:t=1t:B

14 /25



A type theory for biclones

A substitution functor
C(X1,.... Xm Y) x [, C(T; X;) — C(T; Y)




A type theory for biclones

A substitution functor
C(X1,.... Xm Y) x [, C(T; X;) — C(T; Y)

Explicit substitution:
x1 AL, .., xp: Ap =t B (A uj: Ai)i=1.n
AR t{xi—u}:B

X1 AL .. X AT t=>t B (Atojiui=ul:A)iz1

A-1{x;—oi}: t{x—u}=>t'{x;—u}:B

w~> binds the variables xq, . ..

7Xn
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A type theory for biclones

Structural isomorphisms (k)| ¢, assoc




A type theory for biclones

Structural isomorphisms o), ¢, assoc

Distinguished invertible rewrites e.g.:
(At v A)iz1,.on

x1:Al,...,xn:Anl—QE,/f):xk{x,-l—>u,-}i>uk:Ak

16 /25
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The syntactic model is free

syntactic model

on unary contexts bicategory

unary signature

v~ An internal language for bicategories.
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fp-Bicategories
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fp-Bicategories

i Mp(Ag, ...

Adjoint equivalences‘

B(X,My(Ar, ...

(m10—,...,ThO—)

— T
IAIZ=1 lg()<?/qi)
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A type theory for fp-bicategories
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A type theory for fp-bicategories




A type theory for fp-bicategories

(mw10—,..., Tpo—)
/_\
Equivalences B (X,M,(A1,...,An) 1~ ], B(X,A)
\_/
<7 7777 =>
miou=t;: A (I—l, ..,n)
w( o (mio () < > pi(—.- s =)
u={t1,...,tny : Mp(A1,...,Apn)
for a counit (w(’) Y yRe) <1.'1, ,t,,> =t A,‘),’=1 77777 n
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A type theory for fp-bicategories

(my0—,...,mp0—)

/_\
Equivalences B (X,M,(A1,...,A,)) 1L~ T[], B(X,A)

syntactic sugar \/

7T,'{U}:> t; A; (i= 1,...,/7)
w@.ﬂ,{(_)}(\ ) >pT(

u=>tup(ty,...,tn) : My(Ag,..., Ap

for a counit (w(’) LT {tup(tl, Ceey tn)} =t nn<A1, . 7An))i=1
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A type theory for fp-bicategories
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A type theory for fp-bicategories

7T,'{U}:>t,"A,' (i—l, , n
w(l) Oy {(_)} <\ \> pT(77 7:)
u= tup(t17 7tn) : I_In(Ala 7An)
Tupling map (M=t Aiz1,..n
I tup(tl RN tn) : I'I,,(Al, S ,An)
Mt Ai)izt,.n
Counit (S-law) ( Jisto (1< k<n)

I+ wgf) sk {tup(ty ..., )} = tx Ak
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A type theory for fp-bicategories

7T,'{U}:>t,"A,' (i—l, , n
w(l) Oy {(_)} <\ \> pT(77 7:)
u= tup(t17 7tn) . I_In(Ala 7An)
Tupling map (TE bt Ai=1,.m
I I—tup(tl...,t,,) : I'I,,(Al, ,An)
M=t :A)i=1. n
Counit (/5-law) D ( Jit,.. — (1<k<n)
M {tup(te ..., t)} = ti : Ax
Mediating 2-cell
(M aj:mi{u} =t A)iz1,..n
M- pl(ag, ..., an) tu=tup(ty,...,t,) : Ma(Ar,..., Ap)
+ three equational rules. v 7)-law is derivable
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The syntactic model is free

syntactic model

\ fp-biclone

3! strict h#
(Syn(S), Mp(=)) -- = T s (€N (-)
v h
S
/ (Require My (X) = X)
signature
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The syntactic model is free

syntactic model
on unary contexts fp-bicategory

Y /

31 strict h#*

(Syn(s)’pnn(_)) 7777777777 ’ (B7r|n(_)>

|

5,

/ (Require My (X) = X)

unary signature
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The syntactic model is free

syntactic model
on unary contexts fp-bicategory

Y /

31 strict h#*

(Syn(s)’pnn(_)) 7777777777 ’ (B7r|n(_))

|

5,

/ (Require My (X) = X)

unary signature

v~ An internal language for fp-bicategories.

derived from definition of biadjoint
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The syntactic model is free

syntactic model

\ cc-biclone

0
I YV h
S

/ (Require My (X) = X)

signature
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The syntactic model is free

syntactic model
on unary contexts cc-bicategory with

\ strict products
v

(Syn(S)|,, Ma(—), =) 22T (B, (=), =)

S,

/ (Require My (X) = X)

unary signature
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The syntactic model is free

syntactic model

on unary contexts unique up to equivalence ce-bicategory
N | e
(Syn(5)|1vnn(7)7:'>> 7777777 ’ (B’nn(_)7:'>)
[
S,

/ (Require My (X) = X)

unary signature
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The syntactic model is free

syntactic model

on unary contexts unique up to equivalence ce-bicategory
(Syn(8)|1vnn(7)7:'>> ””””” ’ (B’nn(_)7:'>)
YV h
S,

/ (Require My (X) = X)

unary signature

~~> An internal language for cartesian closed
bicategories.
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STLC up to isomorphism

Embedding of STLC-terms to Ap¢ -terms:
Xje > X
mi(t) = e {( )}
(t1y. .y tpy = tup((t1),. .., (ta))
app(t, u) — eval {( t)), (u)}
Ax.t — Ax.(t)
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STLC up to isomorphism

Embedding of STLC-terms to Ap¢ -terms:
Xje > X
mi(t) = e {( )}
(t1y. .y tpy = tup((t1),. .., (ta))
app(t, u) — eval {( t)), (u)}
Ax.t — Ax.(t)

(STLC terms I |-t : B)/ ~ (A~-terms T |- t: B)/

e

tebt/ o T-r:t=1t:B
for some invertible 7

Bn

~r
—B

24 /25



Key properties of A3 :
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Key properties of A3 :
1. Principled development = few rules,
2. An internal language for cc-bicategories,

3. STLC up-to-isomorphism.

A type theory for cartesian closed bicategories (LICS'19):

https://arxiv.org/abs/1904.06538
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cc-Bicategories

evalap: (A=B) x A— B

Adjoint equivalences‘

evaly go(—xA)
— 3
B(X,A=>B) 1~ B(X x A,B)

Y
A

2/3



Rules for exponentials

7~

free variable

expl'c t weake g by X in context
I X

eval {u {inc,},x} =t: B
eeeval {(—) {incx},x}< \>eT(x —)
u= Mx.t: A=B
. MNx:A-t:B
f-A=>B,x: AL eval(f,x): B - xt: A B "

MNx:A-t:B
M x:AE € :eval {(Ax.t) {incy},x} =t: B

e-intro (S-rule)

Mx:ARt:B l-u:A=B
Mx:Ak a:eval{u{inc},x} =1t:B
M-el(x.a):u=Ixt: A=B

ef(x . a)-intro

+ three equational rules v~ 7)-rule derivable
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