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Strict versus weak n-categories

Idea of strict n-category: in a strict n-category there are cells in
dimension 0, ..., n, identity cells and compositions which are
associative and unital. Each k-cell has source and target which are
(k—1)-cells, 1 <k <n.

Idea of weak n-category: in a weak n-category there are cells in
dimension 0, ..., n, identity cells and compositions which are
associative and unital up to an invertible cell in the next dimension, in a
coherent way.
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An environment for higher categories

To build a model of weak n-category we need a combinatorial
machinery that allows to encode:

i) The sets of cells in dimension 0 up to n.
i) The behavior of the compositions (including their coherence laws).
iii) The higher categorical equivalences.

Multi-simplicial objects are a good environment for the definition of
higher categorical structures because there are natural candidates for
the compositions given by the Segal maps.

We will introduce three Segal-type models, denoted collectively Segn J
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Segal maps

Let X € [A”,C] be a simplicial object in a category C with pullbacks.

Denote X[k] =

For each k > 2, Ietu,-:Xk—>X1,uj:X(r/-),rj(O):j—1,r/-(1):j

//\

é“/ \""J/ o e 8‘/ \8‘)
ONELE

There is a unique map, called Segal map

Nk - Xk—>X1><XO XX0X1 5
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Segal maps and internal categories

@ There is a nerve functor

N :CatC — [A”,C]

X eCatC
NX - Xy X X1 X, X §X1><XOX1 §X1 <E>Xo

Fact: X € [A”,C] is the nerve of an internal category in C if and only if
all the Segal maps 7, : Xk — Xi XXo'I'('XXoX1 . are isomorphisms.
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Multi-simplicial objects

n

o Let A" = A% x .V x A%,

@ Multi-simplicial objects in C are functors [A™,C].

@ They have n different simplicial directions and every n-fold
simplicial object in C is a simplicial object in (n — 1)-fold simplicial
objects in C in n possible ways:

[A™.C] = AT A ] 1<k<n
k

Thus for each X e [A", (] we have Segal maps in each of the n
simplicial directions.
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Strict n-categories and n-fold categories
Definition
n-Fold categories are defined inductively by

Cat® = Set
Cat” = Cat(Cat" ")

Definition

Strict n-categories are defined inductively by
0-Cat = Set
n-Cat = ((n — 1)-Cat)-Cat
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Multi-simplicial descriptions

@ By iterating the nerve construction, we obtain fully faithful
multinerve functors

N(n : Cat" — [A™, Set], N(ny : n-Cat — [A™, Set]
Jp : Cat" — [A™17 Cat], Jn : n-Cat — [A"1” Cat] .

@ We next characterize the essential image of these multinerve
functors. This amounts to describing strict n-categories and n-fold
categories multi-simplicially.

These descriptions facilitate the geometric intuition of how to modify
the structure to build weak models.
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n-Fold categories multi-simplicially

An n-fold category is X e [A"1” Cat] < [A"”, Set] such that the
Segal maps in all directions are isomorphisms.

Note that Cat” — [A”, Cat"~].

Let’s illustrate the cases n = 2, 3.
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Example: double categories
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Corner of the 3-fold nerve of a 3-fold category X

In the following picture, X € Cat® thus for all i, j, k € A%
Xojk = Xijic X xop Xtjies Xizk = Xink X Xioye Xinks Xij2 = Xij1 X x50 X1 -

Xopy — X P

/ Z /
X1 X2 Xoi2 U
/ Xoor X0 Xo21
XZ()2 XUL’ XU()Z
7 7 /
Xon X Xo
/ X?'l(, / XIJU / XUQU
X1 7 Xin 7 Xoot // 3
| -Xuoﬁzgz:ﬁzng X110 Xoio 2
4 7 4

XZU() ———— XWU

Xooo 1
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Geometric picture of the 3-fold nerve of a 3-fold category X

N O
X e Cat® 2 [A3” Sef]
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Strict n-categories multi-simplicially

A strict n-category is X € [A"1* Cat] < [A"”, Set] such that
i) Segal condition: The Segal maps in all directions are isomorphisms.
i)y Globularity condition: Xy € [A"2% Cat] and X, 40 € [A""2", Cat]

are constant functors taking value in a discrete category for all
1<r<n-2andall (ki,... k) e A™".
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Strict n-categories multi-simplicially, cont.

@ The sets underlying the discrete structures Xy, (resp. Xi. 10)
correspond to the sets of 0-cells (resp. r-cells) for1 <r <n-2.

@ The set of (n— 1) (resp. n)-cells is given by ob(Xj. 1)
n—1
(resp.mor(Xi..1)).
1

n—

@ Note that n-Cat — [A”, (n — 1)-Cat].

Let’s illustrate the cases n = 2, 3.
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Example: strict 2-categories
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Corner of the 3-fold nerve of a strict 3-category X

Xojk = Xijk X X Xjks Xizk = Xitk X X Xitk> Xjj2 = Xjjt X x4 Xij1 -
JL lf

N [
X € 3— Cat —2~ [A3®, Sef]

B g A ————————e

d A <
/
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Geometric picture of the 3-fold nerve of a strict 3-category X

N [y
3-Cat “— 2 [A3”, Sef]

gl " |

/ lg)?‘l 1'%_ £ :
4 W
7 V (g(ﬂW)Hz (37 7 )
-/

\ 4 < |
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Hom(n — 1)-category and truncation functor
@ Hom (n — 1)-category. For each a,b € Xy, X(a,b) € (n— 1)-Catis
the fiber at (a, b) of X; ‘2% X, x X;.
@ Truncation functor p("~1) : n-Cat — [A"1” Cat] — (n— 1)-Cat

(p(ni1 )X)k1 wkn1 = pXk1 ---Kn—1

where p : Cat — Set is the isomorphism classes of object functor.

The truncation functor divides out by the highest dimensional invertible
cells.
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n-Equivalences

@ A 1-equivalence is an equivalence of categories.

Suppose, inductively, that we defined (n — 1)-equivalences.
A morphism F : X — Y in n-Cat is an n-equivalence if

(@) Foralla,be Xo, F(a,b) : X(a,b) — Y(Fa, Fb) is a
(n — 1)-equivalence.

(b) p("~YFisa (n— 1)-equivalence.

This definition is a higher dimensional generalization of a functor
which is fully faithful and essentially surjective on objects.
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Weakening the multi-simplicial definition of strict
n-categories

n-Cat

Segn

Multi-simplicial embedding
Inductive definition
Truncation functor

Hom (n — 1)-category
n-equivalences
Globularity condition

Segal condition

Segn — [A"17 Cat] — [A"”, Se]
Seg; = Cat, Seg, — [A”, Segn_1]
p"~1) : Segn — Segn_1

Similar definition

Same definition

Different (weak globularity)

Different (induced Segal condition)
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The idea of homotopically discrete n-fold category

@ A homotopically discrete category is an equivalence relation.

@ Given X ¢ Cat,, there is a functor X — pX.

A homotopically discrete n-fold category is an n-fold category suitably
equivalent to a discrete one both ’globally’ and in each simplicial
dimension.
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The formal definition of the category Catp,

Definition
Let Catd, = Set.

Suppose, inductively, we defined the subcategory Caty ! ¢ Cat" ! of
homotopically discrete (n — 1)-fold categories. We say that the n-fold
category X € Cat" — [A"~1* Cat] is homotopically discrete if:

@ X is a levelwise equivalence relation.

o p(=NX ¢ Catly".

We denote Cat!, = Cat,.
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The discretization map

Definition
@ Given X € Catl)y let /""" : X — p(™)X be the morphism
given levelwise for each s € A"1* by

(*yg(nq))g : Xs = pXs

@ The discretization map is the composite

(= (0)
Yoy x 20 = x 2B -2y pn-t) x L. 20 xa

where X9 = p@p()__ p("=1) X is called discretization of X.
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Weak globularity condition and Hom(n — 1)-category
Let X € Segn.

@ Weak globularity condition: Xp, Xk, .. x0 are homotopically
discrete forall1 <r<n-2andall (ky,..., k) e A™.

The sets underlying the discrete structures X§, X¢ ,, correspond to
the sets of r-cells for 0 < r < n— 2. The sets of (n — 1) (resp. n)-cells
correspond to ob(Xi..1) (resp.mor(Xi_.1))-

1 n—1

n—

@ Foreach a,b € X¢, let X(a, b) be the fiber at (a, b) of

(80761)

Xy 222 Xo x Xo 20 XS % XS

Simona Paoli (University of Leicester) July 2019 24/54



Induced Segal maps condition

Given X € Seg, c [A”, Seg,_1], consider the commuting diagram

//\

701 / \'780/ \780 701 / \780
d d

x¢  x¢ ox¢o-oxgox¢

where k > 2, v; = X(r;), rj(0) = j — 1, rj(1) = j. The corresponding
induced Segal map

~ k
MK:XK_>X1XX5"”XX5’X1 a

is required to be an (n — 1)-equivalences in Seg,_1 for each k > 2.
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Summary of main common features of Seg,,.
@ Multi-simplicial embeddings Seg, — [A" %, Cat] — [A"”, Set].
@ Inductive definition Segy = Cat, Seg, — [A”, Segn_1].
@ Weak globularity condition.
@ Functor p("~") : Seg,, — Seg,_1
@ n-Equivalences.

@ (n—1)-Equivalences of the induced Segal maps for each k > 2

~ k
uk:Xk—>X1><X61~-><X61X1 o
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The three models

We discuss three Segal-type models,collectively denoted Seg,

Ta(,‘vg

N

Ta" Cat\r)vg

Ta" Tamsamani n-categories [Tamsamani and Simpson]
Catj, C Cat" weakly globular n-fold categories [P]
Tay,q weakly globular Tamsamani n-categories [P]

Respective functor p("~1) : Seg, — Seg,_1 for each model.
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The three models, cont.

Three different models corresponding to different behavior of:
Induced Segal maps iy : Xx — Xix Xg-lf'x ng1

Segal maps
X0, Xk, ... k0
Ta" discrete
Catf, homptopically
discrete
Tal, homotopically

discrete

~

fik
(n—1)-eq
(n—1)-eq
(n—1)-eq

k
M = Xk = XexXxg X x, X

Tk
(n—1)-eq

isomorphisms
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Main results [P. and Pronk n = 2, P. for n > 2]

Theorem A. There is a functor rigidification
and for each X € Tay4 an n-equivalence natural in X

sn(X) : QX — X.

Theorem B. There is a functor discretization
Discy, : Cat{,‘\,g — Ta"

and, for each X € Caty,, a zig-zag of n-equivalences in Taj, between
X and DiscpX.

Simona Paoli (University of Leicester) July 2019 29/54



Main results, cont.
Theorem C. The functors
Qn : Ta" = Catyy - Discp

induce an equivalence of categories after localization with respect to
the n-equivalences
Ta"/~" ~ Catyq/~" .

Theorem D. There is an equivalence of categories
GCatjj,/~" =~ Ho (n-types) .

where GCatj,, C Caty, is the subcategory of groupoidal weakly
globular n-fold categories.
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Using pseudo-functors to rigidify Ta{,‘vg

We identify a subcategory
SegPs[A" 1" Cat] c Ps[A™ ', Cat]

of Segalic pseudo-functors with the property that the strictification
functor St : Ps[A"~1* Cat] — [A"1", Cat] restricts to

SegPs[A" 17, Cat] 2 Cat], c [A"17, Cat].

We will then build the rigidification functor Q, as a composite

Qn : Tal,, — SegPs[A" ", Cat] st Cath,.
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Segal maps for pseudo-functors.
@ Notation:
k=(ki,....ko_1) e AT 1P 1 <i<n—1
k(1,0) = (ky,..., Ki—1, 1, Kix1, -, Kn—1)
k(0,i) = (K, ..., Ki—1,0,Kis1,... Kn_1)
@ Let H € Ps[A""™, Cat] be such that Hy(o  is discrete for all

ke A" andall1<i<n-—1.

For pseudo-functors H satisfying this condition we can define Segal
maps as follows. J
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Segal maps for pseudo-functors, cont.

The following diagram in Cat commutes

YO

Hka1,iy  Hika,i

Y N /a N v\

Hko,y  Hko,)  Hko.y -+ Hko, Hk(o,i)

Hence there is a unique Segal map for all k; > 0

ki
Hy — HK(U') X Hio,iy” " Hio,i) HK(U) :
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The functor p("~"

Definition
We denote by

p™=1 : Ps[A™1" Cat] — [A" 1", Set]

the functor (p("~")X)x = pXj for X € Ps[A™™, Caf] and k € A",

v
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Segalic pseudo-functors.

Definition

Define H € SegPs[A"'?, Cat] c Ps[A™ 1" Cat] if
i) Hio, is discrete forall k € A" and1 <i<n—1.
ii) All Segal maps are isomorphisms.

iii)y The functor p("=1) : Ps[A™ 1" Cat] — [A"1” Set] restricts to a
functor
p("=1) : SegPs[A™ 1" Cat] — Cathg' .

The idea is to add an extra pseudo-simplicial dimension to Cat{,‘@1 in
such a way that Segal maps can be defined and are isomorphims.
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From Segalic pseudo-functors to weakly globular n-fold
categories

Theorem
The strictification functor
St: Ps[A"'" Cat] — [A™ ', Cat]

restricts to a functor

St : SegPs[A™ 1%, Cat] 2 Cat,

Next we build a functor Taf,,; — SegPs[A"~"™, Cat], distinguishing the
casesn=2andn > 2.
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From TaZ ; to pseudo-functors

@ By definition, X € Ta2, if X € [A”, Cat] is such that

Xo € Catyy, Xk~ Xixyg xyaXi k>2.
@ Let
X, k=0
(ThX)k = ¢ X1, k=1

k

Then Xi ~ (Tr. X) for all k.

By transport of structure T X € [ob(A”), Cat] lifts to a pseudo-functor
T X € Ps[A”, Cat], which is Segalic.
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The functor Q,

Definition
Let Q> be the composite

Q : Tag, T2, SegPs[A”, Cat] 5 Cat2,

and let so(X) : QX = St T, X — X correspond by adjointness to
tg(X) : TI'QX-) X.

@ One can show that sp(X) is a 2-equivalence.
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From Taj,, to pseudo-functors

@ The case n > 2 is more complex, since the induced Segal maps
of X € Ta,q are (n — 1)-equivalences but not, in general, levelwise
equivalences of categories.

We identify a subcategory LTag, C Taj4 and functors

Taj,, LN LTaj, T, SegPs[A™ 17, Cat] .

@ The functor Tr, is built using transport of structure in a way
formally analogous to the case n = 2.
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The functor g("—")

Let g : Cat — Set be the connected components functor.

Proposition
@ The functor g("~") : [A"™ Set] — [A"'”, Set] obtained by
applying q levelwise restricts to a functor g1 : Taj,, — Tajg".

@ For each X € Tay, there is a map natural in X

A= X g X

The functor g("—") divides out by the highest dimensional cells. Think
of g("=") as a ’categorical Postnikov functor’.
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Strategy in building the rigidification functor Q,

@ We show that, if X € Tal,q is such that g{"~") X can be
approximated up to (n — 1)-equivalence with an object of Cat{},j,
then X can be approximated up to an n-equivalence with an object
of LTayg-

@ This property is used to construct the functor Py : Taj, — LTaj,.

v
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The functor P,

@ Suppose, inductively, that we defined Q,_4 :Ta\r,‘v§1 _ 03%1 and

and the (n — 1)-equivalence s,_1Y : Q,_1Y — Y for each
Y eTaypg'

Given X € Taj, let P,X be the pullback in [A™", Cat]

wn(X)

PnX X
| .
(n=1) x (n—1) x
Cn-19 @ x) 0

Then Py X € LTa{,‘vg and w,(X) is an n-equivalence.
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The rigidification functor

Definition
Let Q> be the composite

Qo : Ta2, T2, SegPs[A”, Cat] 5 CatZ,
Define Q, for n > 2 to be the composite

Q,: Tah, 7o LTan, ™ SegPs[A™'”, Cat] 2% Cat?,..
wg wg g
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Summary of rigidification process

Definition: Definition:
Cat?y SegPs[A" 1", Cat]
Definitions: Theorem:
Tal,. Ta", Cat], St : SegPs[A™!” Cat] — Catl},

|

Definition:
LTagg

|

Theorem:
Pp: Tagy — LTag,

il

Theorem: Rigidification functor
Qo : Tal, T2, SegPs[A”, Cat] 2 Cat?,
Forn>2
Q : Tay, & Lmap, I
SegPs[A™ 1", Cat] < Caty,
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The idea of the discretization functor

@ The idea of Disc, : Catj; — Ta" is to replace the homotopically
discrete sub-structures in Catyq by their discretizations.

@ This recovers the globularity condition, but at the expenses of the
Segal maps, which from being isomorphisms become
(n— 1)-equivalences.
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The case n=2

o Let X € Catf, then X; € Cat,q.

@ Choose a section v/ : X¢ — Xp of v : Xo — X{.

Let DoX € [A”, Cat] be given by

olel)
—_— Y01
. X1 XX0X1 *>X1 ng

-
/

oy

The Segal maps of Dy X for each k > 2

k k
Xk :X1XX0"'XXOX1 —>X1><X61'--><X61X1

are equivalences of categories and xg is discrete. Thus Do X € Ta?.
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The case n = 2, cont.

@ Givenamapf: X — Yin Cat&vg, we have a pseudo-commuting

diagram
X¢ 143
Y l lV Yo
Xo Yo

for given choices of sections vy, 7Y, -

Therefore the corresponding map Dy X — Dy Y is in PS[A” Cat]. That
is
Dy : Catyg — (Ta?)s -
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Overall strategy

@ To remedy this problem we introduce the category FCatj,, which
exhibits functorial sections to the discretization maps of the
homotopically discrete substructures in Catyg-

@ Because of this property of FCaty,, the discretization process can
be done functorially, using an iteration of the above idea, via a
functor D, : FCat{,‘\,g — Ta".

@ We show that we can approximate any object of Catj, with an
n-equivalent object of FCaty,, via a functor G, : Cat,y — FCatjg.

@ Discy is defined as the composite Catyg G, FCaty, LN PU
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The main comparison result

Theorem
The functors

Qn : Ta" = Catyg : Discy
induce an equivalence of categories after localization with respect to
the n-equivalences
Ta"/~" ~ Catjq/~"
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Groupoidal weakly globular n-fold categories

Definition
Define GCatj, C Caty, inductively

n=1 GCat), = Gpd
Suppose we defined GCatyg '
X € GCatygy C Caty if

i) forall a,b e X¢, X(a,b) € GCathg'.

i) p(™~1X € GCathg' C Cathg'.
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The homotopy hypothesis

From the comparison theorem between Caty,, and Ta" we obtain

Theorem
There is an equivalence of categories

GCatjy,/~" =~ Ho(n-types) .

Note: An explicit description of the fundamental n-groupoid functor
Top — GCaty,

is given by [Blanc and P.,2015].
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Overall Summary

The three Segal-type models
and Segalic pseudo-functors

Definition: Catf
Definition: Taj,g, Ta"
Definition: Catjq
Definition: SegPs[A™'", Cat]
Theorem
St : SegPs[A"'" Cat] — Cat),

Rigidification of weakly globular
Tamsamani n-categories

Definition: LTaj,q

Theorem

Try : LTaf, — SegPs[A"~'”, Caf]

Theorem: Rigidification functor
Ty

P,
Qp @ T, — LTafy —

— SegPs[A™1”,Cat] 2 Caty,

—

’é

Disc,

Weakly globular n-fold categories
as a model of weak n-categories
Definition: FCaty,,

Definitions: GCathg,
Theorem : Discretization functor
Vg
Theorem: Ta"/ ~"

Theorem: GCatjy/ ~" ~ Ho(n-types)

GTaj,y, GTa"

— Ta"

~ Catly/ ~"

Simona Paoli (University of Leicester)

July 2019

52/54



Further directions

@ Postnikov systems of simplicial categories.
@ Model category theoretic approaches.

@ Weak globularity in the (oo, n) context.

@ Weak units.

@ Comparison of Segalic and operadic approaches.

Simona Paoli (University of Leicester) July 2019 53/54



Simona Paoli (University of Leicester)

Book

Algebra and Applications

Simona Paoli

Simplicial
Methods

for Higher
(ategories

Segal-type Models
of Weak 7-(ategories

@ Springer

July 2019

54/54



