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Mathematics of Open Systems

• components with open terminals


• arrows of some (symmetric) monoidal category


• monoidal functor Syntax → Semantics


• relational semantics as opposed to functional semantics
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(Shannon 1942; Baez and Erbele 2014; 
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(Baez, Coya, Rebro 2017; 
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(S 2010, Bonchi, Holland, Piedeleu, S. Zanasi 2019)
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The two spans are pictured thus: 

x x \  

I 

x x / 

~x  e x  

Technically, r 1 and e are the unit and counit of the self-dual compact-closed 

structure on S p a n ( G r a p h ) .  It will become clear that their role in the context 

of this paper is to permit a feedback operation on distributed systems. 

The correspondence between constants and operations, and the geometric 

representations given above, result in the fact that  expressions in the algebra 

have corresponding circuit or system diagrams. We illustrate this by an example. 

2.3 E x a m p l e .  

Given spans S : X --+ X x X, C : X -+ I, the expression 

rjx; ( S |  ( C | 1 7 4  ( S |  ( C | 1 7 4  ( S |  ( C | 1 7 4  

has system diagram: 

Fq rq rq 
S S S 

\ 

j 
\ 

t l T t l t T l 
S |  C | 1 7 4  S Q 1  C | 1 7 4  S |  C | 1 7 4  e 

We have indicated the correspondence between parts of the expression and of 

the diagram using arrows. This diagram might be (with specific interpretation 

of the components S (server) and C (client)) a specification of a simple token 

ring. 

Remark.  

The reader may have noticed that  apart  from the fact that  wires are distin- 

guished as appearing on the left or right of components we have not indicated 

an orientation on the wires, by placing for example an arrowhead. The reason 

is that in this algebra no such orientation is possible, and this will be reflected 

later in discussing concurrent systems by the fact that  at this level of abstraction 

wires represent input /output ,  and not either input or output  channels. 

(Katis, Sabadini, Walters 1996)



Plan

composing props 

interacting Hopf algebras


graphical linear algebra in action


cartesian bicategories and Frobenius theories


generating functions and signal flow graphs 

graphical affine algebra and non-passive electrical circuits



Props

• symmetric strict monoidal categories where


1. objects are natural numbers and 


2. m⊗n := m+n


• morphisms of props = identity-on-objects symmetric strict monoidal functors


• examples 


• P - arrows m to n are permutations from {1,…,m} to {1,…,n} (empty if m≠n)


• F - arrows m to n are functions from {1,…,m} to {1,…,n}


• any Lawvere theory


• RelX - arrows m to n are relations from Xm to Xn


• LinRelk - arrows n to n are linear relations from km to kn

(Mac Lane 1965, Lack 2004)



Presentations of Props

• props can be used as coat hangers for algebraic structure


• example: the prop of commutative monoids Cm 

• observation: Cm ≅ F, to give a string diagram m→n in Cm is to give a 

function {1,…m}→{1,…,n}

(Lack 2004)

= =

=



Composing props - Intuition

P Green prop P Q Purple prop Q

When can we understand P;Q as a prop?

Q P P Q
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P Q P Q

PλQ

P P Q Q



Composing Props - A Rough Sketch

• recall (Street 1972): monads as arrows of a 2-category


• mental gymnastics: category = monad in Span(Set)


• prop = monad in Prof(Mon) on object P 


• now, given two props R, S, we can compose them


• to make sense of the composite as a monad (i.e. a prop) 
we need a distributive law

(Lack 2004)



Example - Composing              with       

• ie. we need to turn a cospan of functions


into a span of functions


in a way that satisfies the requirements of distributive laws 


• taking the pullback in F works!
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i.e. the theory of commutative

bialgebra

other pullbacks responsible for:

=

=

= id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>

CmCmop

=

=
= = id0

<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>

Span F ≅ 
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Span(F) = commutative 

bialgebra = matrices of 

natural numbers MatN

0 :=

k+1 :=

k
✓

2 0

3 1

◆

<latexit sha1_base64="5eBKaPWk+U1JkoNfjZzuJXMiMxQ="></latexit>
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CmCmop

=

=
= = id0

<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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commutative Hopf algebra = 

matrices of integers

• Add an antipode                      and equations: 


• MatZ has both pullbacks and pushouts


• a slight generalisation of Lack’s notion of composing props allows us to 
derive presentations for 


• IHSpan - A presentation of Span(MatZ)


• IHSpan - presentation of Cospan(MatZ)

= = =
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<latexit sha1_base64="wZKy5CghK++Fu2YllNdbPFRGbJk="></latexit>

�
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�

<latexit sha1_base64="wZKy5CghK++Fu2YllNdbPFRGbJk="></latexit>

3
✓

1 1 0

0 0 1

◆

<latexit sha1_base64="3H3p/TRxmqWnOrY9ksukEF5UyJs="></latexit>

✓

1 0 0

0 1 1

◆

<latexit sha1_base64="3Xp1Udc3NhiwtwFFEtzZm5i9oIw="></latexit>

CmCmop

=

= =

= id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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CmCmop

=
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=id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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Presentation of Span(MatZ)

p p =

=

=
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=
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Presentation of Cospan(MatZ)
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= id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>

= id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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Glueing Spans and Cospans
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GLA: a presentation of LinRelQ

=

=

=

= id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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=

= id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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e.s. Frobenius e.s. Frobenius

c. monoid c. comonoid

c. comonoid c. monoid

c. bialgebra

c. bialgebra

p p =

(p ≠ 0) p p =

(p ≠ 0) 
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• Colour 

• black and white satisfy exactly the same equations in the equational 
theory


• so every proof is in fact a proof of two theorems: invert the colours!


• Left-Right 

• every fact is still a fact when viewed in the mirror
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= id0
<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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<latexit sha1_base64="HmxjqitL2zUdH0doRVkMH+vAkzk=">AAACAHicbVDLSsNAFJ34rPVVdelmsAgupCRV0GXBjcsK9gFtKJPJtB06MwkzN0II3fgBbvUT3Ilb/8Qv8DectFnY1gMXDufcy733BLHgBlz321lb39jc2i7tlHf39g8OK0fHbRMlmrIWjUSkuwExTHDFWsBBsG6sGZGBYJ1gcpf7nSemDY/UI6Qx8yUZKT7klEAu8XDgDipVt+bOgFeJV5AqKtAcVH76YUQTyRRQQYzpeW4MfkY0cCrYtNxPDIsJnZAR61mqiGTGz2a3TvG5VUI8jLQtBXim/p3IiDQmlYHtlATGZtnLxf+8XgLDWz/jKk6AKTpfNEwEhgjnj+OQa0ZBpJYQqrm9FdMx0YSCjWdhiwFJdKrDqU3GW85hlbTrNe+qVn+4rjYui4xK6BSdoQvkoRvUQPeoiVqIojF6Qa/ozXl23p0P53PeuuYUMydoAc7XL9U+l00=</latexit>
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e.s. Frobenius e.s. Frobenius

c. monoid c. comonoid

c. comonoid c. monoid

c. bialgebra

c. bialgebra

p p =

(p ≠ 0) p p =

(p ≠ 0) 



Basic concepts, diagrammatically

• transpose 


• combine colour 
and mirror image 
symmetries


• kernel (nullspace)


• cokernel (left 
nullspace)


• image 
(columnspace)


• coimage 
(rowspace)

A
m n

A

A

A

A

A
mn

Fact. Given a linear subspace R:0->k in 
LinRel, its orthogonal complement R⊥ 

is its colour inverted diagram

Corollary. The “fundamental theorem of 
linear algera”

✓

x

y

◆

| x+ 2y = 0
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◆
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Diagrammatic reasoning in action

Theorem. A is injective iff ker A = 0 

⇒ ⇐ A A =

A

A

=

A

A

=
A

=

=

A = A A

=

Fact. A is injective iff A A =



Span vs Cospan

• every linear relation can be written in span form, or in 
cospan form


• span form = choose a basis


• cospan form = choose a set of equations A B
m nk

C D
m nl

x+y=0

x

y

z

2y-z=0

2

x

y

z

x+y=0
2y-z=0

2

x

y

z

Cospans

a[1, -1, 0]

a

b[0, 1, 2]

2
b

a[1, -1, 0]+b[0,1,2]

2

a

b

Spans



Fun Stuff - Rediscovering Fraction Arithmetic

p q

r s

=
p q

r s

s s

q q

sp sq

qr qs

sp

qr

sq

=

=

= sp+qr sq

p q r s = p r sq

= rp sq

p q r s=

⇔
sp = qr

p q
p

q
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Fun Stuff - Dividing by Zero

• LinRelQ[1,1] 


• projective arithmetic with two 
additional elements


• the unique 0-dimensional 
subspace ⊥ = { (0,0) }


• The unique 2-dimensional 

subspace ⊤ = { (x,y) | x,y ∈ Q }

+ 0 r/s ∞ ⊤ ⊥

0 0 r/s ∞ ⊤ ⊥

p/q – (sp+qr)/
qs

∞ ⊤ ⊥

∞ – – ∞ ∞ ∞

⊤ – – – ⊤ ∞

⊥ – – – – ⊥

× 0 r/s ∞ ⊤ ⊥

0 0 0 ⊥ 0 ⊥

p/q 0 pr/qs ∞ ⊤ ⊥

∞ ⊤ ∞ ∞ ⊤ ∞

⊤ ⊤ ⊤ ∞ ⊤ ∞

⊥ 0 ⊥ ⊥ 0 ⊥

0 =

def

def

def

∞ =

⊤ =

⊥ =



Plan

composing props


interacting Hopf algebras


graphical linear algebra in action


cartesian bicategories and Frobenius theories 

generating functions and signal flow graphs 

graphical affine algebra and non-passive electrical circuits



Cartesian categories
(Fox 1976)

commutative comonoid structure

= = =

and everything commutes with the structure

f
n

f

f

n
= f

n
=

n

cartesian categories are those sym. mon. cats. where every object has 

Example: Set×



Cartesian bicategories
(Carboni, Walters 1987)

≤ ≤ 

≤ ≤ id
0

= =

≤ 

R
m

n R

R

m

n

n
≤ R

m
n m

≤ 

Example: Rel×

special Frobenius structure where monoid is right adjoint to comonoid

and everything laxly commutes with the structure



LinRel is a cartesian bicategory

• LinRel is a cartesian bicategory


• In fact, it is an abelian bicategory


• To obtain a presentation we add just one inequality


• This breaks the symmetry between white and black!

≤ 

(Bonchi, Holland, Pavlovic, S. 2017)



Lawvere theories

• recipe for Lawvere-theories-as-props


1. add a cocommutative comonoid 
structure


2. make all generators commute with it


3. add your other equations (which may 
make use of the comonoid structure)

=

=

=

f
n

f

f

n
=

f
n

=
n

e.g.

=

x⋅x-1 = e



Frobenius theories

• recipe for Frobenius-theories-
as-locally-ordered-props


• add a Frobenius bimonoid 
structure where monoid is 
right adjoint to comonoid


• make all your generators 
laxly commute with it


• add your other equations 
(which may make use of the 
Frobenius structure)

(Bonchi, Pavlovic, S. 2017)

≤ ≤ 

≤ ≤ id
0

= =

≤ 

f
n

f

f

n
= f

n
=

n

e.g. id0
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• For Lawvere theories 


• models = cartesian functors 


• homomorphisms = natural transformations


• For Frobenius theories


• models = morphisms of cartesian bicategories


• homomorphisms = lax natural transformations


• Rel models of GLA = VectQ

Functorial semantics
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Generalising GLA

• The cube construction works for MatR whenever R is a PID 

Mat
Z

 + Mat
Z

op

H + H
op

Span(Mat
Z

)

IH
Span

IH
Cospan

Cospan(Mat
Z

) LinRel

IH

r
1

r
2

r
1
+r

2=

r
1

r
2 = r

2
r
1

1 =

0 =



Generating Functions and 

Laurent series

MatQ[x] + MatQ[x]
op

HQ[x]   + HQ[x]
op  

Span(MatQ[x])

IHQ[x]
Span

IHQ[x]
Cospan

Cospan(MatQ[x]) LinRelQ(x)

IHQ(x)

MatQ[[x]] + MatQ[[x]]
op

Cospan(MatQ[[x]])

Span(MatQ[[x]])

LinRelQ((x))

equational Theory

polynomial fractions

Laurent series

isomorphisms

faithful homomorphisms



Example

1-x-x
2x

As linear relation over Q(x) is the space generated by

As linear relation over Q((x)) is the space generated by

(1    ,   x/(1-x-x2))

(1,0,0,…    ,    0,1,1,2,3,5,8,…)



Signal flow graphs

• directed circuits with


• addition gates


• junctions


• “registers”


• act as integrators in the continuous semantics


• act as one place buffers in the discrete semantics


• guarded feedback

(Shannon 1942)
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Example - Fibonacci

1-x-x
2x = x

x

x x

x

x

x x

=

x

x

=

x

=

x

=

x

x

x

x

x

x

=

x

x

(Bonchi, S., Zanasi 2015)
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circuits



Graphical Affine Algebra

Definition. Given a field k, a k-affine relation k->l is a set 
R⊆kk×kl which is either empty, or s.t. there is a k-linear 

relation C and a vector (a,b) s.t. R = (a,b) + C

(Bonchi, Piedeleu, S., Zanasi 2019)

(dup)
=

(del)
=

(∅)
=

GLA + above ≅ AffRelk



Example: Non-passive electrical circuits

I

 

k

!

= k 7�

I

 

+–

k

!

= k

I

 

k

!

=
k

I

✓ ◆

=

I

✓ ◆

=

I ( ) =>

>

:

B

@

C

A

I ( ) =

I
�

k
�

= kx

I
�

k
�

= kx

We can then show that
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k k k k



Resistors in parallel

a

b

a

b

=I
<latexit sha1_base64="w3/s9KdN/wTi1f4CsGQpCtLcEXM=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbd6K6CfUAbymQyaYfOI8xMxBD6GS7c6Ke4E7cu/RK3TtosbOuBC4dz7uXee4KYUW1c99tZWV1b39gsbZW3d3b39isHh20tE4VJC0smVTdAmjAqSMtQw0g3VgTxgJFOML7J/c4jUZpK8WDSmPgcDQWNKEbGSr0+R2aEEcvuJoNK1a25U8Bl4hWkCgo0B5WffihxwokwmCGte54bGz9DylDMyKTcTzSJER6jIelZKhAn2s+mJ0/gqVVCGEllSxg4Vf9OZIhrnfLAduYn6kUvF//zeomJrvyMijgxRODZoihh0EiY/w9Dqgg2LLUEYUXtrRCPkELY2JTmtmjDkUpVOPdJ9pTmSXmLuSyTdr3mndfq9xfVxnWRWQkcgxNwBjxwCRrgFjRBC2AgwTN4BW/Oi/PufDifs9YVp5g5AnNwvn4B9EyhjA==</latexit> (

<latexit sha1_base64="8En8O2xj5ngbqBsGKfhH8glOesQ=">AAACDXicbVDLSsNAFJ3UV62vqks3g0XoqiRV0GXRjcsW7APaUCaTm3boZBJmJmII/QIXbvRT3Ilbv8Evceu0zcK2HrhwOOde7r3HizlT2ra/rcLG5tb2TnG3tLd/cHhUPj7pqCiRFNo04pHseUQBZwLammkOvVgCCT0OXW9yN/O7jyAVi8SDTmNwQzISLGCUaCO1qsNyxa7Zc+B14uSkgnI0h+WfgR/RJAShKSdK9R071m5GpGaUw7Q0SBTEhE7ICPqGChKCcrP5oVN8YRQfB5E0JTSeq38nMhIqlYae6QyJHqtVbyb+5/UTHdy4GRNxokHQxaIg4VhHePY19pkEqnlqCKGSmVsxHRNJqDbZLG1ROiQylf7SJ9lTOjVJOau5rJNOveZc1uqtq0rjNs+siM7QOaoiB12jBrpHTdRGFAF6Rq/ozXqx3q0P63PRWrDymVO0BOvrF0PynNk=</latexit>

)
<latexit sha1_base64="7qy7pNkjv1G/vDNHItueqjwFc/s=">AAACDXicbVDLSsNAFJ3UV62vqks3wSLopiRV0GXRjcsW7APaUCaTSTt0ZhJmbsQQ+gUu3OinuBO3foNf4tZpm4VtPXDhcM693HuPH3OmwXG+rcLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPV9bGmnEnaAgacdmNFsfA57fjju6nfeaRKs0g+QBpTT+ChZCEjGIzUvBiUK07VmcFeJW5OKihHY1D+6QcRSQSVQDjWuuc6MXgZVsAIp5NSP9E0xmSMh7RnqMSCai+bHTqxz4wS2GGkTEmwZ+rfiQwLrVPhm06BYaSXvan4n9dLILzxMibjBKgk80Vhwm2I7OnXdsAUJcBTQzBRzNxqkxFWmIDJZmGLBoFVqoKFT7KndGKScpdzWSXtWtW9rNaaV5X6bZ5ZEZ2gU3SOXHSN6ugeNVALEUTRM3pFb9aL9W59WJ/z1oKVzxyjBVhfv0WbnNo=</latexit>

a

b

a

b

=

ab/(a+b)
= I

<latexit sha1_base64="w3/s9KdN/wTi1f4CsGQpCtLcEXM=">AAACF3icbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbd6K6CfUAbymQyaYfOI8xMxBD6GS7c6Ke4E7cu/RK3TtosbOuBC4dz7uXee4KYUW1c99tZWV1b39gsbZW3d3b39isHh20tE4VJC0smVTdAmjAqSMtQw0g3VgTxgJFOML7J/c4jUZpK8WDSmPgcDQWNKEbGSr0+R2aEEcvuJoNK1a25U8Bl4hWkCgo0B5WffihxwokwmCGte54bGz9DylDMyKTcTzSJER6jIelZKhAn2s+mJ0/gqVVCGEllSxg4Vf9OZIhrnfLAduYn6kUvF//zeomJrvyMijgxRODZoihh0EiY/w9Dqgg2LLUEYUXtrRCPkELY2JTmtmjDkUpVOPdJ9pTmSXmLuSyTdr3mndfq9xfVxnWRWQkcgxNwBjxwCRrgFjRBC2AgwTN4BW/Oi/PufDifs9YVp5g5AnNwvn4B9EyhjA==</latexit>

✓

1

1

a
+

1

b

=
ab

a+ b

◆

<latexit sha1_base64="MKwj8Whzj4YCMnAWLL0Uxelm0Xo="></latexit>

(
<latexit sha1_base64="8En8O2xj5ngbqBsGKfhH8glOesQ=">AAACDXicbVDLSsNAFJ3UV62vqks3g0XoqiRV0GXRjcsW7APaUCaTm3boZBJmJmII/QIXbvRT3Ilbv8Evceu0zcK2HrhwOOde7r3HizlT2ra/rcLG5tb2TnG3tLd/cHhUPj7pqCiRFNo04pHseUQBZwLammkOvVgCCT0OXW9yN/O7jyAVi8SDTmNwQzISLGCUaCO1qsNyxa7Zc+B14uSkgnI0h+WfgR/RJAShKSdK9R071m5GpGaUw7Q0SBTEhE7ICPqGChKCcrP5oVN8YRQfB5E0JTSeq38nMhIqlYae6QyJHqtVbyb+5/UTHdy4GRNxokHQxaIg4VhHePY19pkEqnlqCKGSmVsxHRNJqDbZLG1ROiQylf7SJ9lTOjVJOau5rJNOveZc1uqtq0rjNs+siM7QOaoiB12jBrpHTdRGFAF6Rq/ozXqx3q0P63PRWrDymVO0BOvrF0PynNk=</latexit>

)
<latexit sha1_base64="7qy7pNkjv1G/vDNHItueqjwFc/s=">AAACDXicbVDLSsNAFJ3UV62vqks3wSLopiRV0GXRjcsW7APaUCaTSTt0ZhJmbsQQ+gUu3OinuBO3foNf4tZpm4VtPXDhcM693HuPH3OmwXG+rcLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPV9bGmnEnaAgacdmNFsfA57fjju6nfeaRKs0g+QBpTT+ChZCEjGIzUvBiUK07VmcFeJW5OKihHY1D+6QcRSQSVQDjWuuc6MXgZVsAIp5NSP9E0xmSMh7RnqMSCai+bHTqxz4wS2GGkTEmwZ+rfiQwLrVPhm06BYaSXvan4n9dLILzxMibjBKgk80Vhwm2I7OnXdsAUJcBTQzBRzNxqkxFWmIDJZmGLBoFVqoKFT7KndGKScpdzWSXtWtW9rNaaV5X6bZ5ZEZ2gU3SOXHSN6ugeNVALEUTRM3pFb9aL9W59WJ/z1oKVzxyjBVhfv0WbnNo=</latexit> What if a=b=0?

a

b
= =



I

0

B

@

a

b

1

C

A
=

a

b

=

a

b

=
b

a

= b

a

= a+b = I

 

a+b

!

Current sources in parallel 

are additive



Voltage sources in parallel are “illegal"
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<latexit sha1_base64="7qy7pNkjv1G/vDNHItueqjwFc/s=">AAACDXicbVDLSsNAFJ3UV62vqks3wSLopiRV0GXRjcsW7APaUCaTSTt0ZhJmbsQQ+gUu3OinuBO3foNf4tZpm4VtPXDhcM693HuPH3OmwXG+rcLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPV9bGmnEnaAgacdmNFsfA57fjju6nfeaRKs0g+QBpTT+ChZCEjGIzUvBiUK07VmcFeJW5OKihHY1D+6QcRSQSVQDjWuuc6MXgZVsAIp5NSP9E0xmSMh7RnqMSCai+bHTqxz4wS2GGkTEmwZ+rfiQwLrVPhm06BYaSXvan4n9dLILzxMibjBKgk80Vhwm2I7OnXdsAUJcBTQzBRzNxqkxFWmIDJZmGLBoFVqoKFT7KndGKScpdzWSXtWtW9rNaaV5X6bZ5ZEZ2gU3SOXHSN6ugeNVALEUTRM3pFb9aL9W59WJ/z1oKVzxyjBVhfv0WbnNo=</latexit>
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