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MOTIVATION

* How do graph transformation systems (GTSs)
compare to other types of stochastic systems?

* Why does the conventional GTS framework seem
to have so many specialized conventions?

* |s 1t possible to re-use ideas from statistical physics
and combinatorics to tackle GTS computations!




WHY GRAPH
BRANSFORMAITION SYS TENSS

» allow to encode a variety of probabillistic systems

(chemical reactions, biochemical reactions,
network dynamics, lattice models,...)

* beyond “discrete’” particles!

» very flexible modelling formalism
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SURPRISING RESULTS

* entirely new formulation of graph rewriting syntax defined In

terms of rule diagrams and their compositions rather than in terms
of category theoretical concepts!

* discovery of new types of graph rewriting

* In the new framework, we can study the combinatorics of
rewriting systems

» the rule algebra (of type DPO) Is a generalization of and subsumes

the Heisenberg-Weyl algebra
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THE RHEISENBERG-WEYL
ALGEBRA

* pool of n indistinguishable particles

remove a particle .

* basic operations: S

add a particle

— pick a particle at random and remove it
— add a particle

e basic combinatorics:

— n possibilities to remove a particle

- 1 possibility to add a particle




THE RHEISENBERG-WEYL
ALGEBRA

* from the theory of bosonic Fock space*: introduce
number vectors

In) = state of exactly n particles

remove a particle
add a particle
* encode the basic operations in terms of the generators
of the Heisenberg-Weyl algebra:

b {n\n—l) ()

aln
0]0) else.

a'|n) == |n + 1) =2l

e canonical commutation relation:
o —cn -1l —na'ln— 1)
= (n+ 1)|n) — njn) = |n)
e g a]l =aa —a'a=1

+ Pawel Blasiak et al. (2007): Combinatorics and Boson
normal ordering: A gentle introduction, American
Journal of Physics 75.7, pp. 639—646



FULT -1 YPE CATE

multi-type Heisenberg-Weyl algebra:

example for a reaction:

[aiva;] :5ij A+B—C

multi-type bosonic Fock space:

\ﬁ>z\n1,n2,...> (Zni<OO,niEZ>0)
7

i

action of the annihilators a; and the creators a;:

a|7Y = |7 — &),  al|@) = |7+ &)

interpretation: the individual types (visualized as colors)
are acted upon independently from one another



CHEMICAL REACTION SYSTEMS
> (Z S ;E(ﬂ%)

€T 7

with: 1" — set of reactions; 7 € R- — reaction rates; s;,t; € Z>g

* As presented e.g. in Baez and Bianmonte™, there exists a precise link between multi-
type HWV algebra and chemical reaction systems:

— state of the system:

(1)) = Zpﬁ(tﬂﬁ% Zpﬁ =1, pa(t) € R

— Master equation:

* John C Baez and Jacob Biamonte (2012): A course on
quantum techniques for stochastic mechanics,
arXiv preprint arXiv:1209.3632



ERIEMICAL REAC TTON SYS FERS

* Master equation:

formal solution:
[T (t)) = e™T(0))

this iIs not always meaningful, but analytically solvable cases are known!

example: birth-death reaction system

1 !
X >0, X

analytic solution*: for |¥(0)) = | No), and with v(¢) := (1 —e™"),

min(No,n) | n—k

|| (t)> = 6_V(t)>\ Z (]\kio> e—kztn (t)N0+ n—2k (n — k)l |TL>

k=0

“8SFMEMROI ERH ;YWPW MPROKE7 SP Z
XLI GLIQMGEP QEW X IVl
YPEV VIEGXMSR W]WXIQW YB/RR
QEXLIQEXMGEPTFEMSPSK]



GRAPH REWRITING



GRAPHS AND REWRITING
RULES

* graphs = very generic graphs (multi-colored, muilti LY
edged, with self loops, directed or undirected edges!)

* injective partial graph homomorphisms = one-
to-one mappings of vertices and edges (s.th. endpoint ver-
tices of all edges are included)

* graph rewriting rule:

D= .\\(47%
with ¢ — an Injective partial homomorphism from finite v
«>

graph L to finite graph R

* where it begins: a tentative depiction of graph rewrit-
ing rules...



ACTION OF REWRITING RULES ON GRAPHS

&
W o >

|

Michael Lowe (1993): Algebraic approach to single-
pushout graph transformation, Theoretical Computer

SR, S M,

* basic idea: to applyarulet: L — R to a graph G,

|. find an occurrence of L in G (aka a match),

2. then replace the instance of L with R as described in
detall by the partial injection ¢

* a first hint at a notion of representation: in general,
there are more than one possibilities to act on a given
graph, so which one to choose! answer: all of them

* hint from HW algebra:. the outcome of a rewriting
operation must be some sort of linear combination of
“graph states”



ACTION OF REWRITING RULES ON GRAPHS

&
g T . a ‘
/ xﬂo / %ﬂ@
o [
 there exist a number of different variants of graph
rewrrting:
12 dOUb’ e Pus hOUt (D P O) rewr iti ng (delet_ tHrag;Ewr:iLij:J;oEnhsr.JgAetrlfll'e%?s(B:d ﬁ:#g\‘;—oﬁzn\:‘/’;ﬁkmg::#’:
: : : : : plete information, Theory and Application of Graph Trans-
ing/creating a vertex Is only possible If no edges formations. Springer, pp. 85—102

remain after the operation)
- single pushout (SPO) rewriting (deleting a vertex  puiout graph transfarmation, Toeorsiical Compter
: - - SeieneceiOINNpElIcIE00E,
automatically deletes all incident edges)

£ [ ] ° [ ] '
our forma’,sm. two hew var,ants. Nicolas Behr, Vincent Danos, llias Garnier, and Tobias Heindel
(2016). Combinatorial physics of graph rewriting, in
preparation



TOWARDS A NOTION OF
ALGEBRA

 basic idea:

composition of rules via compositions of diagrams

 problem: HOW?!

* Ansatz: study the case of the Heisenberg-Weyl algebra
in the formulation of combinatorial Hopf algebras



RULE DIAGRAM ALGEBRA



BIE GRAMSTFOR THE FVy A RGIEESEE

"W RWENWX YW XIRXEXMZIP] MHIRXMJ] XLI X[S KIRBMAEXNSEV W
JSPPSI[MRK HMEKVEQW

(5 =tg" da =0

HITMGXMRK XI-H.IIPE[K:‘MISFE\NTdEVIXIW@X’PEXMRK E dEVXMGPI

" (I"2RI E RSCMYR SWM XM SR EP PR dE! Qg 8GLERHMA X IR S X|
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S8LIR o

dy ! do
HIRSXIW XLI HMEKVEQ VdWwyY PR M EEKPIWRBQMHRWKE EMRIS[ JSV |
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! Mi2

S Tl e e
mdM g, (d2)
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da"Dda:; ;# da$idd pid = eliel it
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* More precisely: we define diagrams up to isomorphism,
such that in particular

\V/dl,dQED:dlLﬂdQ:dzbﬂdl.

* For the special case of the HW-rule diagrams, It turns out
that any possible rule diagram has the form

t times

r times s times

/ AL x“. .

VdGDHW:EIT,S,tGZio:d:d(r,s,t):....0 & gl

- purely combinatorial composition law:

CZ(TL 515 t1> 51 d(r27 59, t2)

— !d(rl—I—TQ—n,Sl—l—SQ—n,tl—|—t2—|—n).



COMBINATORIAL HOPFE
ALGEBRA STRUCTURE
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Coalgebra structure: via decompositions of rule diagrams!
» Coproduct: for a basis vector of D (i.e. iIsomorphism class 0 € D), define

A(0) = Z (9some factors deleted) @ (Vdeleted factors) -

ways to delete superposition factors from 0

whence more concretely

A(d(r, s,t)) S‘S‘S‘( >< )@)d(m,n,f)®d(fr—m,s—n,t—€).

m=0n=0 /=0

e counit map:
1[|< o= d@ == d(O, O, O)

O else.

e:D—-K:0—

=D = (D, +,-,A,¢) is a coassociative, cocommutative and counital coalgebra.

Pawel Blasiak, Gerard HE Duchamp, et al. (2010):
Combinatorial algebra for second-quantized
Quantum Theory, Advances in Theoretical and Math-
ematical Physics 4.4, pp. 1209-1243



Coalgebra structure: via decompositions of rule diagrams!
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Table 1: Bialgebra compatibility conditions, expressed in each of the three equiv-

alent forms: via string diagrams, from the viewpoint of the algebra structure, and
from the viewpoint of the coalgebra structure.

string diagrams

algebra

coalgebra
o A oA®oA s fo AR AR A AR A s . A
vId,ax(X)T(X)[dA AA@AAv B
) A ARARAR A AQARAR A Aa
e =y 1d®T®Id
A = } AR A AQAQAQA —H4®4 . Ax A
Idk . K
=| Ax K = > A
NARQ A ~
%TT na K®K AK\LE \LAA
naA®na K& K et S s ARQ A
i e R B RE )
AR A Al i)
P A o pa
j) o l l ,UJA\L %\L}LK K® K £a
A £ y K = e
;{ IdK ) h'e
il i rEE
I UA\I/ >~ | K SA\L%“




HOPF ALGEBRA STRUCTURE

Debnition A.13  (Hopf algebra). A Hopf algebra H = (H, u,n,! ,&,95) is a K-
bialgebraH equipped with a linear mapS : H — H called the antipode such that
the following diagram commutes:

S®Id

H&®H >»H®H
/ \
\ /

H&H e L, H®H

In other words, S is a left and right inverse of the linear map Id under the

convolution product x:
SR =—ch=N]d %S (283)

Corollary A.2  (Any connected Pltered bialgebra is a Hopf algebra (cf.g], Ch. 4.3,
Corr. 5)). Let A! (A, u,n,A,e) be a connected bltereK-bialgebra. Then it is
also a Hopf algebra,A! (A, u,n,A,¢e,.S), with antipode S given according to(281)

(via the special cased = H and ¢ = Id) by

S(h)=Id "' '(R)= e(R)+ ) (e" Id)'*(h) #h$H" (n>0). (284)
k=1

Nicolas Behr; Vincent Danos, llias Garnier, and Tobias
Heindel (2016): The algebras of graph rewriting,
In preparation



HOPF ALGEBRA STRUCTURE

* Diagram algebra: filtration by number of

connected components — for a basis diagram
d(rst), this would be r+s+t!

ne diagram algebra indeed fulfills all axioms of a

Hopt algebral
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SUMMARY: THE FRAMEWORK
SO FAR

SiErrlle aloebra
composition

operations are defined

via reduction of t
rule diagram alge

s

Dl

composition operation

* result: the rule algebras

are *-algebras !!!

DN

Combinatorial Algebra

i
s

Algebra

Lie Algebra

Nicolas Behr; Vincent Danos, llias Garnier, and Tobias Heindel
(2016): The algebras of graph rewriting, in preparation



A HINT OF COMBINATORIAL
PHYSICS

* coherent states (alternative basis for Fock space)

 formal power series

e Blasiak et al.’s results via umbral calculus and
Sheffer-type sequences, lcading e.g. to analytic
solutions for €' for birth-death reactions

« Allan | Solomon et al. (2005): Combinatorial
Physics, Normal Order and Model Feynman
Graphs, Symmetries in Science XI. Springer, pp. 527/-536

* Pawel Blasiak (2005): Combinatorics of boson
normal ordering and some applications, arXiv
preprint quant-ph/0507206

* Pawel Blasiak, Gerard HE Duchamp, et al. (2010):
Combinatorial algebra for second-quantized
Quantum Theory, Advances in Theoretical and Math-
ematical Physics 4.4, pp. 1209—1243

Nicolas Behr (2016): Combinatorial physics of graph
rewriting, in preparation



CONCLUSION



new concise framework, first of its kind!

subsumes HW algebras as special case in a
Very precise manner

natural framework of stochastic mechanics

and combinatorial physics

bridgehead established between computer
science, combinatorics and theoretical physics



OUTLOOK

* systematic search for analytically solvable GTSs

» applications of sophisticated G15s applications
such as kappa etc

* study of the Intrinsic structure of network theory

and game theory expressible in terms of the rule
algebra
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