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1. Symmetric Monoidal Categories

A monoidal category M is a category with a bifunctor, ® or [,
O MxM-—-M
written for objects a, b of M variously as a “product”
(a,b) -adb,a®@b,orab
which is associative up to a natural isomorphism
a:a(bc) = (ab)c (1)

and is equipped with an element e, which is unit up to natural iso-
morphisms

A:ea=a, p:ae=e. (2)

These maps must satisfy certain commutativity requirements; for «, a

pentagonal diagram

a(b(cd)) —— (ab)(cd) —— ((ab)c)d

..1 l.n (3)

a((bc)d) . »(albe))d ,

as in § VIL.1.(5), and for 4 and p the two commutativities

alec) — (ae)c
ul lm i=piee—e. (4)

ac ac,

A braiding for a monoidal category M consists of a family of iso-
morphisms

yap aClb=bOa (5)

natural in @ and b € M, which satisfy for e the commutativity

alJe - eJa

.1 l‘ (6)

a = a

and which, with the associativity a, make both the following hexagonal
diagrams commute (with the symbol [] omitted):

albe) —— (bc)a

b(ca) (7)

l,.y

(ba)e —— b(ac).

(able —— c(ab)

'-l 1 x
P *L

a(bc) (cap  (ab)e

l'yl -1 y-l

a(ch) —— (ac)b,

Note that the first diagram replaces each y,, . which has a product ab as
first index by two y's with single indices, while the second hexagonal dia-
gram does the same for y, , . with a product as second index. Note also that
the first hexagon of (7) for y implies the second diagram for y~', and con-
versely. Thus, when y is a braiding for M, then y ! is also a braiding for M.

A symmetric monoidal category, as already defined in §VIIL. 7, is a
category with a braiding y such that every diagram

ab —ri’—-ba

\ j (8)

ab

commutes. For this case, either one of the hexagons (7) implies the other.
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Monoidal Categories
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Why Diagrams®?

* (reat when we have parallel and
sequential composition

* Essential for talking about interacting
algebraic and coalgebraic things

* Different kinds of diagram give different
Kinds of monoidal category
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Diagrams

Input Systems

Of Process, or

\ state change, or ...
Cv v b

Output Systems
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Monoidal Categories

Monoidal categories have a special unit object called I which is
a left and right identity for the tensor:

IA=A=AR]
d;® f=f=[f®id;

No lines are drawn for I in the graphical notation:

v:I—-A ol AT ot : I — 1T

v %
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idg: A— A




Categories
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Categories
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Graphical Calculus Theorem

Thm: one diagram can be deformed to another iff their
denotations are equal by the structural equations of the category.
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Monoidal Theories

Syntactic presentation of a diagrammatic theory:

Generators (3 E) Relations
symbols with T equations between
arity and coarity terms of same type

NB : a PRO(P) is a (symmetric) monoidal category
where the wires don't have types.



Example: commutative
monoids

The PROP of commutative monoids M

E:{\Q/iQ}
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Example : the ZX-calculus




/@W%@%
(G &

puireds”

t%mg 9 St T

[ V\

Ny
RING b IAGRAMS



Computing Science Group
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Geometry of abstraction in quantum computation
Pavlovic (2009,2012)

Quantum algorithms are sequences of
abstract operations, performed on non-
existent computers. They are in obvious
need of categorical semantics.
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Geometry of abstraction in quantum computation
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Theorem 3.4 The category Absc of monoidal abstractions is
equivalent with the category Cx of commutative comonoids in C.



Geometry of abstraction in quantum computation
Pavlovic (2009,2012)

monoidal category C

polynomial monoidal category C|x : X

Theorem 3.4 The category Absc of monoidal abstractions is
equivalent with the category Cx of commutative comonoids in C.

Corollary 4.5 The category of dagger-monoidal abstractions
T-Absc is equivalent with the category Ca of commutative

dagger-Frobenius algebras and comonoid homomorphisms in C
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Open Problems

e How to compute MGU for two diagrams?

e Trickier than expected because the category does not ave
many push-outs!

e Cut-elimination for the whole computad?

e Can we we express the separation condition for
combinatorial planar graphs”?






