Operational Physics, Logic and Categories

Sean Tull

University of Oxford

sean.tull@cs.ox.ac.uk

Categories, Logic and Physics
University of Edinburgh, 14 April 2016



The Plan

Operational Physics

Operational Logic

Operational Categories
. in partial form
. in total form
Effectus Theory

Outlook



|. Operational Physics



Operational Physics



Operational Physics

> Focus on the physical operations allowed by a given theory.



Operational Physics

> Focus on the physical operations allowed by a given theory.

» Operational reconstructions of quantum theory due to Hardy,
Chiribella-D’Ariano-Perinotti, ...



Operational Physics

> Focus on the physical operations allowed by a given theory.

» Operational reconstructions of quantum theory due to Hardy,
Chiribella-D’Ariano-Perinotti, ...

» Categorical quantum mechanics: models quantum theory using
certain symmetric monoidal categories.



Operational Physics

v

Focus on the physical operations allowed by a given theory.

» Operational reconstructions of quantum theory due to Hardy,
Chiribella-D’Ariano-Perinotti, ...

» Categorical quantum mechanics: models quantum theory using
certain symmetric monoidal categories.
> CDP’s operational-probabilistic theories: categorical + probabilistic.
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An operational theory with control (OTC) ©:
» Systems A, B, C,...

» Events f: A — B, forming a symmetric monoidal category:

» Tests {f,: A— By}xex, X = finite outcome set
Call subsets {f,},cy C {fi}xex partial tests.
» Coarse-graining:

{fc: A= Bleex U{gytyey = {Quex KtU{g }tyey
Partial ‘addition’ f @ g: A — B on events.
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Assumptions of an OTC

Impossible events: zero arrows 0pg: A — B with f @0 = f.

Control: given tests {f,: A — Bx}xex and {g(x,y): B« = Csy }ycy, for
x € X, the following is a test:

f )
{ A— Bxg(i}:)CX,y

}XEX,}/EYX

Causality: unique deterministic effect £4: A — I, i.e. {%a} a test.
Every event f has unique effect e with {f, e} a test.

Don't assume scalars p: | — | are probabilitites p € [0, 1].

Examples

Many! Classical: deterministic or probabilistic.
Quantum: Hilbert spaces/C*-algebras and CP, sub-unital maps.
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From Theories to Categories

Encode outcome sets X ‘in the objects’.

© has direct sums when V {By}xex 3 test {>x: B — By}xex s.t:

partial tests {fi: A — Byx}xex
f: A— Bwith>yof = £

"B=@.ex B

Direct sum completion ©* has Eventg+ = ParTest(O):

> systems (Ax)xex
» events M: (Ay)xex — (By)yey are X-indexed partial tests
{M(X,y): AX - By}yEY

Categorically, direct sums are finite coproducts:

id

B,'L>Bl+...+BnZ@Z:18kL>Bj, Djoﬁi:{o

i=j
i
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Operational Categories: Partial Form

Partial tests: {fi: A—= Bj}7 ; <= f: A= Bi+..+B,st.pjof =f.
Tests: when f is total, i.e. &0 f = %,
Coarse-graining: Q7 _;fi= A s B+...+B—"3B

Theorem
OTC with direct sums © <= operational category in partial form (C,4):
SMC (C, ®) with finite coproducts, zero object and family #4: A — [ s.t:
> >i: Ay + ... + A, — A; jointly monic
» Vf:A— B Jltotalg: A— B+ withf=pj0g
> ®,+ distribute: AQ(B+C)~A®B+A®C

> 2415 = [#4,%6], # = 1d, #4958 = A0 ($4 @ #p)



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).
(M: (Ao)xex — (By)yey = collections of tests {M(x,y): Ax = By}, ey)



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).
An operational category B is an SMC with finite coproducts (+,0) dis-
tributed over by ®, s.t. I is a terminal object 1 and:



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).
An operational category B is an SMC with finite coproducts (+,0) dis-
tributed over by ®, s.t. I is a terminal object 1 and:

> [ ko] (AL +...+ Ay +1— A+ 1 jointly monic, where

K =)
PiOKj = 1| . J
Kool i j



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).
An operational category B is an SMC with finite coproducts (+,0) dis-
tributed over by ®, s.t. I is a terminal object 1 and:

> [ ko] (AL +...+ Ay +1— A+ 1 jointly monic, where

K =)
PiOKj = 1| . J
Kool i j

» the following are pullbacks:

A—1 1

’”i Jm

A—l—lTl—l—l



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).
An operational category B is an SMC with finite coproducts (+,0) dis-
tributed over by ®, s.t. I is a terminal object 1 and:

> [ ko] (AL +...+ Ay +1— A+ 1 jointly monic, where

K =)
PiOKj = 1| . J
Kool i j

» the following are pullbacks:

(B)

3! {&}XEX
4

{fdxex{e} ml l’“



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).
An operational category B is an SMC with finite coproducts (+,0) dis-
tributed over by ®, s.t. I is a terminal object 1 and:

> [ ko] (AL +...+ Ay +1— A+ 1 jointly monic, where

K =)
PiOKj = 1| . J
Kool i j

» the following are pullbacks:

A—1 1

’”i Jm

A—l—lTl—l—l



Operational Categories: Total Form

Instead of ParTest(©), now consider B = Test(O).
An operational category B is an SMC with finite coproducts (+,0) dis-
tributed over by ®, s.t. I is a terminal object 1 and:

> [ ko] (AL +...+ Ay +1— A+ 1 jointly monic, where
ke =]
D’O”J_{ Kpol i j
» the following are pullbacks:

A—1 1

’”i Jm

A—l—lTl—l—l

Examples

Classical: Set. Probabilistic: KI(D) for distribution monad D.
Quantum: CStarZb

cpu
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Equivalence Between Total and Partial Forms

We've seen operational categories in partial form (C,#) = ParTest(©)
and total form B = Test(©O).
B = Cictal, subcategory of f with &0 f =%, in fact determines all of C:

partial tests {fx}xex f: A— B in ParTest(©)
tests {flxex U{e: A— [} f:A— B+1in Test(©)
f: A~ B in Par(B)

So (C,%) ~ Par(B), the Kleisli category of (—) + 1 on B.

Examples
B Par(B)
Classical Set PFun
Probabilistic ~ KI(D) KI(Dsub)
Quantum CStar?®  CStar®

cpu cpsu
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Summary

Theorem
The following structures are equivalent:

> an operational theory with control © with direct sums;
» an operational category in partial form (C,%);
> an operational category B;

under C = Eventg, © = OT(C), B ~ Cioa, C ~ Par(B).

(-)* Event(_) (—)total
s

— >
OTC~ |  OTC4,n, ~ _ OpCatPar ~ °
—

L
V) oT(-) Par(—)

OpCat
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Effectus Theory

Approach comes from effectus theory (Jacobs et al.)
A (monoidal) effectus B is an operational category with extra pullbacks:

At 1 A+B 148
/‘Qli lm id+!l l!+!
A+BT>1+1 A+1T1+1

» Positivity: {f}rex, {filxex U{gy}yey tests = each g, = 0.
» Observations determine tests: {# o0 fi}xex a test = {fi}xex a
test.

~> Each space of effects e: A — | forms an effect algebra.
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Why Operational Categories?
» Categorical logic for operationalism. Reason about operational
theories as operational categories, and vice versa.
» Operational interpretation of effectus theory: general probabilistic
computation.

» Connections: categorical quantum mechanics <> general probabilistic
theories.

Next: translate quantum reconstruction theorems into categorical form -
axiomatise FDimCStarcp,.

Thanks!
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