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Motivations: algebraic context

» Algebraic rewriting: constructive methods to study algebraic structures presented by
generators and relations.

> Example. Computation of syzygies.

P Squier’s coherence theorem: basis of syzygies from a convergent presentation.

> If a group G = (X | R) is presented as a monoid M = (X[ X | RU {xx~ % l,x_xg 1},

the confluence diagram
QV X

xxilx 1

XTX\X

is an artefact induced by the algebraic structure and should not be considered as a syzygy.
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Example: diagrammatic rewriting modulo isotopy

> Let P be the rewriting system on the set of diagrams composed of:

» submitted to relations:

maiu’ mﬁ)Tﬂ’ Lﬂa iﬂ, ma v for win {0,1}

U M=y UYL D=0

Bo11 811 B8 - RIE- 1)

» If no rewriting modulo:
/% Not confluent !
TN
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P Rewriting with any system S such that R C S C gRg, Jouannaud - Kirchner '84.

ER
>V

EI I

» Main interest and results for gR.
u —v
R
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» We introduce a cubical notion of coherence, in n-categories enriched in double groupoids.
> A double category is an internal category (Cy, Co, S 8+, oc, ic) in Cat, Ehresmann '64.

(C1)
(Co)o —= (Co)o
(Co)ll/ (CU )1 i’(CO)l

C C
( o)om( 0)o

> |t gives four related categories
C¥ = (C,C% 0" 4,0Y 0,0",i§), cho = (Ch,c°,0m 4,00 4, 0", ),
. h o h ah h h :h
C% = (C%,CY, 0% 1,0 1,0", 1), C¥ = (C°,C", 0% 1,0 1,0",i7),
where C*/ is the category C; and C“° is the category Co.

» Elements of C°: point cells, elements of C" and C": horizontal cells and vertical cells.

X1

A e
X1 ——> X2
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» Horizontal (n+ 1)-category: category of rewritings, vertical (n+ 1)-category: category of
modulo rules.
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» Polygraphs are higher-dimensional generating systems of higher-dimensional globular strict
categories.

P An n-polygraph generates a free n-category.

Fs Py P3 (--) Pr 1 Py
Po P1 P> (--) Pnl\ Pn
PJ/T

»> An (n — 1)-category C is presented by an n-polygraph (Po, ..., Ps) if

C=P, 4/ =p,
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» A double n-polygraph is a data (P¥, P", P5) made of:
> two (n + 1)-polygraphs P¥ and P" such that P} = P} for k < n,

> a 2-square extension P° of the pair of (n + 1)-categories ((P")*, (P")*), that is a set equipped
with four maps making I' a 2-cubical set.
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n+1
> A double (n+ 2, n)-polygraph is a double n-polygraph in which P* is defined on
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» A double (n+ 2, n)-polygraph (P, P", P$) generates a free (n — 1)-category enriched in
double groupoids, denoted by (P, P, PS)T.



Acyclicity

> A 2-square extension P° of ((P¥)T,(P")T) is acyclic if for any square

S= (F’V)Ti/ i(F’V)T



Acyclicity

> A 2-square extension P° of ((P¥)T,(P")T) is acyclic if for any square

P
RN
5= (PV)Ti a i(PV)T
—

(PhHT

there exists a square (n+ 1)-cell A in (PY, P" Ps)T such that 8(A) = S.



Acyclicity

> A 2-square extension P° of ((P¥)T,(P")T) is acyclic if for any square

(PhHT
C—

5= (PV)Ti a i(PV)T
—

GOl
there exists a square (n+ 1)-cell A in (PY, P" Ps)T such that 8(A) = S.

> A 2-fold coherent presentation of an n-category C is a double (n + 2, n)-polygraph
(PY, P", P5) such that:

» the (n+ 1)-polygraph P' ] P" presents C;

> P°is acyclic



Acyclicity

> A 2-square extension P° of ((P¥)T,(P")T) is acyclic if for any square

(PhHT
C—

5= (PV)Ti a i(PV)T
—

GOl
there exists a square (n+ 1)-cell A in (PY, P" Ps)T such that 8(A) = S.

> A 2-fold coherent presentation of an n-category C is a double (n + 2, n)-polygraph
(PY, P", P5) such that:

» the (n+ 1)-polygraph P' ] P" presents C;

> P°is acyclic

»> Example: Let E be a convergent (n+ 1)-polygraph.



Acyclicity

> A 2-square extension P° of ((P¥)T,(P")T) is acyclic if for any square

P
RN
5= (PV)Ti a i(PV)T
—

GOl
there exists a square (n+ 1)-cell A in (PY, P" Ps)T such that 8(A) = S.

> A 2-fold coherent presentation of an n-category C is a double (n + 2, n)-polygraph
(PY, P", P5) such that:
» the (n+ 1)-polygraph P' ] P" presents C;

> P°is acyclic

> Example: Let E be a convergent (n+ 1)-polygraph. Cd(E) := square extension containing

C—.

/ ’
e;*,,,j_eli/ \Lez*n,j_ez

e

for a choice of confluence of any critical branching (e1, e2) of E.



Acyclicity
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there exists a square (n+ 1)-cell A in (PY, P" Ps)T such that 8(A) = S.

> A 2-fold coherent presentation of an n-category C is a double (n + 2, n)-polygraph
(PY, P", P5) such that:

» the (n+ 1)-polygraph P' ] P" presents C;
> P°is acyclic

> Example: Let E be a convergent (n+ 1)-polygraph. Cd(E) := square extension containing

C—.

/ ’
e;*,,,j_eli/ \Lez*n,j_ez

e

for a choice of confluence of any critical branching (e1, e2) of E.

» From Squier’s theorem, (E,(, Cd(E)) is a 2-fold coherent presentation of C.
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> an n-polygraph R of primary rules,
» an n-polygraph E such that Ex = Ry for k < n—2 and E,_1 C R,_1, of modulo rules,

» S is a cellular extension of R¥_; such that R C S C gRg, where the cellular extension
£ Rg is defined by

vERE . FRg — Sph,_1(R;_1)

where £Rg is the set of triples (e, f,e’) in ET x R*(1) x ET such that

and the map v ERE is defined by yERE (e, f,e’) = (0— n_1(e), D+ n—1(€"))-
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Branchings and confluence modulo

» A branching modulo E of the n-polygraph modulo S is a triple (f, e, g) where f and g are
in S} and eisin E, , such that:

> |t is local if f is in 5:(1), gisin S and e in E; such that £(g) + £(e) = 1.

> It is confluent modulo E if there exists f/, g’ in S} and e in E,:

f ’
u—-s>u > w
’
e e
| y
v — v/ > w'
g ’

» Confluence modulo E (resp. local confluence modulo E): any branching (resp. local
branching) of S modulo E is confluent modulo E.
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> A branching modulo E is M-confluent modulo E if there exist f/, g’ in S}, ¢’ in E;| and a
square-cell A in (E, S, E x I U Peiff(E, S)) T
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> (E,S, 7)T’V is the free n-category enriched in double categories generated by (E, S, —), in
which all vertical cells are invertible.

> Peiff(E, S) is the 2-square extension containing the following squares for all e,e’ € ET and

*
fes” ey waf ,
u*jVv —=Uu % Vv Wk U ———=> W% u
e, e o) [
’ ’ ’ ’ ’ ’
uxiv, —=u *jv w' xju—= w' % u
f*,-v/ w/*,-f

> E x I is to avoid "redundant" elements in I for different squares corresponding to the same
branching of S modulo E:

f ! f f
U—-v——-3 u——>v > v/
e\L \Le/ and é*n71€1\L \Le’

/ ’
v —— > w Uy —>w —>w
g=e181€2 g’ g1e2 g
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> A set X of (n—1)-cellsin R}_; is E-normalizing with respect to S if for any u in X,

NF(S,u) NIrr(E) # 0.

» Theorem. [D.-Malbos '18] Let (R, E, S) be an n-polygraph modulo, and I' be a square
extension of (ET,S*) such that

P E is convergent,

» S is I-confluent modulo E,

» Irr(E) is E-normalizing with respect to S,
>
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Coherent completion

» Coherent completion modulo E of S: square extension of (ET,ST) containing square cells
Af g and Br e:

f 4 f 4
u—su —>w u—su —w

o e e e e e

u—>v ?— w’ .
for any critical branchings (f, g) and (f,e) of S modulo E.
» Corollary. [D.-Malbos '18] Let (R, E, S) be an n-polygraph modulo such that
E is convergent,

S is confluent modulo E,

Irr(E) is E-normalizing with respect to S,

vV v vy

£ RE is terminating,

For any coherent completion ' of S modulo E, E x ' U Peiff(E, S) U Cd(E) is acyclic.

» Corollary: Usual Squier's theorem. (E = ()
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Example: diagrammatic rewriting modulo isotopy

> Let E and R be two 3-polygraphs defined by:
> Eu = Ro = {*},

> Ei =Ry ={A,V}

. Ez_{f\,\/, U T i} RZ_EZH{X, X}
. {m b (A (£)2 b ) e o,

I\ MeMy U NN

> Ry —

(511 8o1) TR B 13 084 1)

> Facts:
P> E is convergent.
P>  £Rg is terminating.

» £R is confluent modulo E.
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> We proved a coherence result for polygraphs modulo.
P> How to weaken E-normalization assumption ?

» |Is any polygraph modulo Tietze-equivalent to an E-normalizing polygraph modulo ?

> Explicit a quotient of a square extension by all modulo rules.

> Constructions extended to the linear setting.

P Linear bases from termination (or quasi-termination) or gRg and confluence of R modulo E.

» Work in progress:

P Rise this construction in dimensions, in n-categories enriched in p-fold groupoids.

P Formalize these constructions with rewriting modulo all the algebraic axioms.



Thank you !



