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Overview of the talk

• Pseudo-equivalence relations and exact completions

• The effective topos Eff

• The pseudo-equivalence relations in Asm

• The cubical assemblies AsmCop

• The embedding of Eff into a homotopy quotient of AsmCop
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A category of pseudo-equivalence relations
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The exact completion of a category with finite limits

A : a category with finite limits
Aex is a quotient category of PsER(A):
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of PsER(A) are equivalent

if there is a “half-homotopy”
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Graphs are internal presheaves

A : a lextensive category

G
def
= the internal category bidb ;;

∂1 //

∂2
// idcc

i.e. G0
def
= TT+ TT G1

def
= TT+ TT+ TT+ TT . . . e.g. G(b, ) = 2, G(, b) = 0
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full
// Gph(A) AGop

and, for instance, PsER(PAsm ) � �
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Partitioned assemblies, assemblies, and the effective topos
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The internal category of cubes

A : a locally cartesian closed category with a natural number object NN

C
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i.e. C0
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= NN C1
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=
∑

n,m:NN n + 2m . . . e.g. C(n, m) = n + 2m

The internal category C in A is the free binary-product completion of
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A cubical model of homotopy type theory. Stockholm 2016
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Cubical assemblies

AsmCop is the quasitopos of cubical assemblies.

Note that AsmGop

∗
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where II is an interval object which induces a cubical structure in AsmGop
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Axioms for modelling cubical type theory in a topos. Computer Science Logic 2016



Kan fibrations of cubical assemblies

An n-box is b:B // //In , n > 0, obtained by taking a decidable subobject
D // //In−1 , and glueing I× D // //In to D // //In−1 // //In .
A map ƒ :E→ F has the right lifting property with respect to b:B //In

if, in every diagram B

b
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there is a diagonal filler B
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d
??

F

A map ƒ :E //F is a Kan fibration if it has the r.l.p. with respect to all boxes.

Kn
�
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def
= the full subcategory of AsmCop on the (Kan) fibrant objects,

i.e. objects C such that C ! //TT is a Kan fibration.
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A model of type theory in cubical sets. Types for Proofs and Programs 2014
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Cubical assemblies and the independence of the propositional resizing axiom. arXiv 2018



Ps.-equivalence relations of assemblies as cubical assemblies
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Theorem. The functor PsER(Asm ) � � //AsmGop
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(i) is faithful

(ii) is full “up to homotopy”
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Ps.-equivalence relations of assemblies as cubical assemblies
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Theorem. The functor PsER(Asm ) � � //AsmGop

∗
// AsmCop

(i) is faithful
(ii) is full “up to homotopy”, in the sense that
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Ps.-equivalence relations of assemblies as cubical assemblies
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Homotopies for pseudo-equivalence relations

Theorem. Consider

G0 H0
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in PsER(Asm ).

The following are equivalent:
(i) ƒ and g represent the same arrow in Asmex, i.e.

there is h:G0 → H1 in Asm such that
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(ii) the maps ∗(G)
∗(ƒ ) //

∗(g)
// ∗(H) are homotopically equivalent in bC.



Homotopies for pseudo-equivalence relations
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van den Berg, B., Moerdijk, J.

Exact completion of path categories and algebraic set theory. J. Pure Appl. Alg. 2017
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