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Motivation

Freyd The category whose objects are sets X endowed

with an isomorphism XE Xxx is a topos

Kennison The category whose objects are sets X endowed

with an isomorphism X Ext X is a topos

Leinster Let M e te be a profunctar The category
whoseobjects are presheaver XE EMSet endowed

with an isomorphism X E EM X is a topos



The question
Let F E E be an endfunctor

The category Falg has as objects pairs XM a X FX

The category F cooky has as objects pairs XM re FX x

The category Fix IF is the full subcaty of F coaly
on those Xix with a invertible

1
oppose E is a topos

When is Tixff also a topos I



Theansweir
Theorem Pard Rosebregh Wood 1989

If F E E is leftexact and idempotent

then E a topos Fix F a topos

Our goal today

Theorem
If F E E preserves pullbacks and

generates a cofree comonad then

Eatopos FixCFIatop



When is F coaly a topos

We say F E E generates a cofree comonad when FR in

eF coalg R

Examples a F idempotent E has products

2 F accessible E locally presentable
3 F polynomial E a slice toposwithNNO

The cofree comonad in question is Qe UR

Cofreeness says that F coaly E Qr CoalyT Eilenberg Moore
algebras



When is F coaly a topos

Theorem TsujishitaWatanabeWorrell 2001Johnstone Power

If F E E preserves pullbacks and

generates a cofree comonad then

E a topos F coaly a topos

i

Pref If F preserves at finite limits then U Fcoaly E

creates them so Qi UR is a lex comonad

on a topos Thus F coaly E Qf Coaly is a topos

If F only preserves pullbacks we first slice judiciously I



When is Fixff a topos

A wellpointed endofunctor Te on E is T E E and

y Ie T such that Ty YT T IT An algebra for
TM is XC E x X TX with x on Ix

Le ff1974
tin alg is E to the full subcaty of E
on those X with my X TX invertible

Example If F E E there's a well ptd EP on Fcoalywith

F X x FX Fx and x X x FX Fx

Here CE9 alg FixCF and if f preservespullbacks so does F



When is Fixff a topos

So the main theorem Ea topos FixE a topos

will follow from 1J PT WW E a topos F coaly a topos

on taking IT 7 Eis in

PTposition
If Tin L E is a pullback preserving

well pointedeudofudor then

IEatopos CT.yjalgatopos.LI



When is Fixff a topos

If Tin L E is a pullback preserving

well pointedeudofuctor then

IEatopos CT.yjalgatopos.LI
Pref call a mono m X Y T proximal if

y TX
t v

Il fTm
Y TY

If Ye E then both immy TY and Y Y x y Y
are T proximal Thus

t XhgItNTpmdsI



When is Fixff a topos

If Tin L E is a pullback preserving

well pointedeudofudor then

IEatopos CT.yjalgatopos.LI
Pref XECTEI dgexorthogonaltodT.pe sI

There's a generic T proximal 1 P given by
9

I TI
u j uf I fit
in
y

TN
in

By an argumentof Joyal the objects orthogonal to a

classified class of Moros in a topos form a subtopos I



Site presentations

special case of main theorem

1
If e is a topos with NNO and

F Eli HI is polynomial
then Fix F is a topos

1

In this case the cofree comonad Qf is also polynomial
F coalgeQeCodgerE for some II c Cat E

NowFix F a subtopos of F coaly Fixff SHIP

Direct calculation shows all maps in It are monos so

Fix F is e'tendue over E



Examples
1 E Set HX Xxx

Here I freemonoid or two generators l r

coverage generated by eh Freyd's presentation

H E Set FIX Xxx
Now objects of It are infinite binary strings we l r

w

Maps are freely generated by
W aw a cEl r Well r

w

Coverage generated by all singletons

In fact SHH Pshfit CX Objects of itCX same as I

maps V W are integers ist eventually Vn Wn i



Examples
3 E Set FIX Xxx 1

Now I has as objects finite or infinite binary trees

freely generated bymaps are

to'I
above plusemphCoverage generated by the doubletons coverof

4 E Set FIX MX for some Miele Leinster

5 E Set FIX TEX forsome filter f E PU

G E ShCA F f for some cls function f A A



Applications

when E Set FIX XxX Fixff is the JonssonTashi topos 3T

TT _SHM is e'tendue over the representable sheaf B ayf
From B we can construct various interesting self similar objects

Proposition ftreyd
The locale of subobjectsof WB c IT

isCantorspaw

Proposition Higa
The automorphism group of B c IT

ThompsorisgroupVI



Applications

If R is a commutative ring the Leavitt algebra LaCR is

Rse r Fyferye fakers to

It has the property that

ii R modules are R modules M Hu
M M M

Proposition

The endomorphism ring of RCB in

istheheaidtalgebralz.it



Applications

Let It be a separable Hilbert space let l r c BCH be

isometries satisfying he rr 1

The Cantz C algebra Oz is e r E BCH

It has the property that
Hilbertspaces H Hw

0 representations M
H H H

Proposition

The C algebra of adjointable operators
on l B in IT is the Cuntz C algebra 82

1



Applications

Now let G E TEV be a directed graph

Taking E Setu F Te s't we get a topos Fixff JTA

TTg Sh I is e'tendue over the sumof representables B ay i

iho

The locale of subobjects of B c JI
is the space of infinite paths in G

the endomorphism ringgrass insta
is the Leavitt path algebra of a

The adjointable operators on l4B in IT

give the Antz Krieger C algebra of a



Applications

There are further examples which reconstruct algebras

and C algebras associated to

Self similar group actions CNehrashevych

selfsimilargroupoid actions Luca Raeburn Ramagge Whittaker

Higher rank graph actions Kumijan Pask

Discrete Conduchi fibration Brown Yetter




